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ABSTRACT: In teaching mathematics at high schools, 

the mathematics competency of teacher is an important 

procedure in teaching process. This paper, I pointed out 

some application of complex numbers in mathematics. 

And i hope it will help the teachers to develop high school 

their mathematics competency in Vietnam. 
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1. BUILDING A C  FIELD 

 

We review Carte },|),{(== RbabaRRT   

and the following definition:  

dbcadcba =,=ifonly  and if),(=),(  

),(=),(),( dbcadcba   

).,(=),).(,( bcadbdacdcba   

We can write, ),).(,( dcba  through ).,)(,( dcba  

From the definition of multiplication: 

• Where Ti (0,1)=  we have 

1,0)(=(0,1)(0,1)=.=2 iii  

• ),(1,0)(=),(=)(1,0),( bababa  

• .),(,0)(0,1),(,0)(=)(0,,0)(=),( Tbabababa   

Notation C  is set T  with Mathematical operations 

above. We get:  

Lemma 1. Map ,0),(,: aaCR   Is a single 

map and such that 

)()(=)(),()(=)( aaaaaaaa    forall 

., Raa   

Ca ,0)(  is the same as .Ra  Then we have 

biababa  =,0)(0,1)(,0)(=),(  where 

1.=1,0)(=2 i  Therefore i  or a  or bia  

are equal in .C  

Deduce 1}=,,|{= 2  iRbabiaC  and in C  

we have the following results:  

dbcadicbia =,=ifonly  and if=   

idbcadicbia )(=   

.)(=))(( ibcadbdacdicbia   

This objects Cbiaz =  considered as a 

complex number with a  is the real part (Notation 

),(zRe ) and b  is the imaginary part, (Notation 

)(zIm ); and i  is the imaginary unit. Complex 

number bia  is called a conjugate complex of 

biaz =  and notation .= biaz   We have 

2121

22 .=,=))((= zzzzbabiabiazz   and 

The modulus of a complex number z  is 

zzz |=| . The argument number of a complex 

number dicz  =  is dicz  = , then we have 

.)(=)()(= idbcadicbiazz    

Consider the system of coordinate ).(Oxy  This 

Complex number biaz =  we get a point 

).;( baM  and it is a bijection  

 RRC   

).;(= baMbiaz   

In mathematics, the complex plane or z-plane is a 

geometric representation of the complex numbers 

established by the real axis and the perpendicular 

imaginary axis. with the real part of a complex 

number represented by a displacement along the 

x-axis, and the imaginary part by a displacement 

along the y-axis. 

In geometry, a seventeen-sided polygon is a 

constructible polygon (that is, one that can be 

constructed using a compass and unmarked 

straightedge). This was shown by Carl Friedrich 

Gauss in 1796 at the age of 19. 

Proposition 1. R  field is in C  field 

Proof: We see that C  is a commutative ring, where 

1 is unit. Suppose 0.= biaz  then 

0.>22 ba   Suppose Cyixz  =  must satisfy 

requirements 1=zz   or 








0.=

1=

aybx

byax
 We get 

.=,=
2222 ba

b
y

ba

a
x





 Deduce 

i
ba

b

ba

a
z

2222
=





  is a inverse number of .z  

Deduce C  is a field. Map ,, zzCC   is a 

conjugate self- isomorphism. Homogeneoust Ra  
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with Cia 0  and we can say that .CR  

Notation that, inverse number of 0z  is 

2

1

||
=

z

z
z  và .

||
==

2

1

z

zz
zz

z

z 


 
 

Definition 1. [N+15] Given complex number 0.z  

Suppose M  is a point in the complex plane for 

expression .z  The angle measurement created by 

first ray Ox  and last ray OM  called Argument of 

z  and notation ).(zArg  The angle 

,,=  

xOM  called  argument of z  

and notation .Argz  Argument of 0 complex is not 

definition.  

Notation that, if   is a argument of z  then forall 

argument of z  are  .2k  where .Zk  If 

0,z  noindent  .2k  is Argument of .z  

Notation .= zzr  Therefore, the complex number 

biaz =  has .sin=,cos=  rbra  Deduce, if 

0z  then )sincos(=  irz  , we called  

dạng lượng giác of .z  

Proposition 2. Given complex number 21, zz  and 

),sincos(= 1111  irz   

),sincos(= 2222  irz   0,, 21 rr  we always 

have  

• |,|||=|| 2121 zzzz  
||

||
|=|

2

1

2

1

z

z

z

z
 và 

.|=||||| 212121 rrzzzz    

• )](sin)(cos[= 21212121   irrzz  

• )](sin)(cos[= 2121

2

1

2

1   i
r

r

z

z
 where 

0.>2r  

Proof: It’s easier to get the result. 

Example 1. With 
niyxbia )(=   we have 

.)(= 2222 nyxba   

Proof: From 
niyxbia )(=   deduce 

.)(= niyxbia   Therefore 

.)(= 2222 nyxba   

Proposition 3. [Moivre] If )sincos(=  irz   

then forall 
n  we have 

)].(sin)(cos[=  ninrz nn   

Proof: Using Mathematical induction methods by n  

to get the result. 

Corollary 1. An n th root of a complex number 

0)sincos(=   irz  are different values in 

)
2

sin
2

cos(= 1/

n

k
i

n

k
rz n

k

 



 where 

.,1,2,= nk   

Next, we prove a Euler’s famous theorem below: 

Theorem 1. [Euler] For all x  we have 

.sincos= xixeix   

Proof: From 

 
!

)(

3!

)(

2!

)(

1!
1=

32

n

ixixixix
e

n
ix

 we 

deduce  

)
)!(2

1)(
4!2!

(1=
242

 
n

xxx
e

n
nix

 

).
1)!(2

1)(
5!3!

(
12

1
53

 







n

xxx
xi

n
n

 

Therefore .sincos= xixeix    

Corollary 2. For all Real numbers yx,  we always 

have  

• 
)(= yxiiyix eee 
 and 

inxnix ee =)(  forall .Zn  

• 
)(= yxi

iy

ix

e
e

e 
 and .

1
==

ix

ixix

e
ee 

 

• .
2

=sin,
2

=cos
i

ee
x

ee
x

ixixixix  
 

• ).(cos=)(
2

1
>=,< yx

e

e

e

e
ee

ix

iy

iy

ix
iyix    

Proof: From theorem 1, we easier to get the result. 

Given three distinctive points CBA ,,  

corresponding to three complex numbers .,, cba  

We notation C
bc

ac
CBA 




=],,[  and we call it  

single ratio of point sets .,, CBA  We have result.  

Corollary 3. Given three distinctive points CBA ,,  

corresponding to three complex numbers cba ,,  all 

on a line if and only if .=],,[ R
bc

ac
CBA 




 

Proof: Set .=,=  ii erbcreac   then we have 

.==],,[ )( 



 ie
r

r

bc

ac
CBA  three points CBA ,,  

all on a line if and only if k
bc

ac
=arg




 or 

.=
r

r
e

r

r ik







 Therefore, three distinctive points 

CBA ,,  corresponding to three complex numbers 

cba ,,  all on a line if and only if 

.=],,[ R
bc

ac
CBA 




 

Dot product and  deviation product of two complex 

numbers ,, 21 zz  notation >,< 21 zz  and ],,[ 21 zz  

It is defined as following:  
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).(
2

1
=],[),(

2

1
>=,< 212121212121 zzzz

i
zzzzzzzz 

Proposition 4.  If 

)sincos(=),sincos(= 22221111  irzirz   

where 0, 21 rr  then  

• |,|||=|| 2121 zzzz  
||

||
|=|

2

1

2

1

z

z

z

z
 and 

.|||||| 2121 zzzz    

• )](sin)(cos[= 21212121   irrzz  

• )](sin)(cos[= 2121

2

1

2

1   i
r

r

z

z
 where 

0.>2r  

• )(cos|||>=|,< 212121  zzzz  and 

.>,>=<,< 1221 zzzz  

• >,<>,<>=,< 2321231 zzbzzazbzaz   

forall complex numbers 321 ,, zzz  and forall 

., Rba   

• )(sin|||=|],[ 122121  zzzz  and 

].,[=],[ 1221 zzzz   

• Given 

222111 sincos=,sincos=  iziz   we 

have  

)
2

sin
2

cos(
2

sin2= 212121
21

 



 iizz  

.|
2

sin|2|=| 21
21

 
 zz  

Proof: It’s easier to get the result. 

You can check all the results. Special, deviation 

product hasgeometric significance: Given point O  

and the coordinates of the points NM ,  are 

respectively ,, 21 zz  three points NMO ,,  all on a 

line if and only if 0.=],[ 21 zz  When three points 

NMO ,,  not in line then absolute value of 

deviation product ],[ 21 zz  twice the area triangle 

.OMN  

Given two complex numbers 1z  and 2z  we always 

have  

.,2arg=arg|,|=||= 212121 Zkkzzzzzz    

.,2)(arg)(arg=)(arg 2121 Zkkzzzz    

.,2)(arg)(arg=)(arg 21

2

1 Zkkzz
z

z
   

).()(=)( 2121 zArgzArgzzArg   

).()(=)( 21

2

1 zArgzArg
z

z
Arg   

We say that, the polynomials of positive degree in 

][xC  always have roots in .C  The fundamental 

theorem of algebra states that every non-constant 

single-variable polynomial with complex 

coefficients has at least one complex root. This 

includes polynomials with real coefficients, since 

every real number is a complex number with an 

imaginary part equal to zero. 

Equivalently (by definition), the theorem states that 

the field of complex numbers is algebraically closed. 

Definition 2. In abstract algebra, an algebraically 

closed field K  contains a root for every 

non-constant polynomial in ][xK , the ring of 

polynomials in the variable x  with coefficients in 

K . 

From The fundamental theorem of algebra, we 

deduce results of irreducible polynomial in :][xC  

Corollary 4.  Given the polynomials in ][xC  

where degree 0>n  have n  roots in C  and the 

irreducible polynomials in ][xC  have 1 degree. 

Corollary 5.  Let .\][)( RxRxf   )(xf  is 

irreducible polynomial if and only if or 

baxxf =)(  where 0a  or 

cbxaxxf 2=)(  where 0a  and 

0.<42 acb   

 

2. SOME EXAMPLES OF COMPLEX 

NUMBERS 

 

Example 2. Prove that, with two complex numbers 

1z  and 2z  we always have  

.|||=|||2||2 2

21

2

21

2

2

2

1 zzzzzz   

Proof: Assume )(),( 21 zBzA  and ).( 21 zzC   So 

the quadrangle OACB  is Parallelogram, we deduce 
2222 22= OBOAABOC   or 

.|||=|]|||2[| 2

21

2

21

2

2

2

1 zzzzzz    

Example 3. With two complex numbers z  and z , 

we set .= zzu   Prove that  

.|
2

||
2

|=|||| u
zz

u
zz

zz 





  

Proof: Because 

|
2

)(
||

2

)(
|=|

2
||

2
|

22 zzzz
u

zz
u

zz 









if we set zzzz =,= 21  then we will have to 

prove: .|||=|]|||2[| 2

21

2

21

2

2

2

1 zzzzzz   

We consider )(),( 21 zBzA  and ).( 21 zzC   

Because the quadrangle OACB  is Parallelogram, 

deduce 
2222 22= OBOAABOC   or 

.|||=|]|||2[| 2

21

2

21

2

2

2

1 zzzzzz    
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Example 4. [N+15] Prove that, with three different 

complex numbers 321 ,, zzz  have  

|
2

|2|
2

|2 31
31

21
21 zz

zz
zz

zz






 

.|
24

|2|
2

=|
32

3121
32

132
32

zz
zzzz

zz
zzz

zz







Proof: Set 
jj zu = where 1,2,3.=j  We will 

have to prove  

.|
2

|2
2

||
=|||| 232

1

2

322

31

2

21

uu
u

uu
uuuu







Consider triangle ABC  where 

)(),(),( 321 uCuBuA  and )
2

( 32 uu
M


 is midpoint 

of sided .BC   

Because 
2

2=
2

222 a
mcb a   deduce we get  

232
1

2

322

31

2

21 |
2

|2
2

||
=||||

uu
u

uu
uuuu





  

and hence, ends the proof. 

Example 5. [Euler] Given 

Ryyyyxxxx 43214321 ,,,,,,,  we always have  

,=))(( 2

4

2

3

2

2

2

1

2

4

2

3

2

2

2

1

2

4

2

3

2

2

2

1 uuuuyyyyxxxx 

where  





















142332414

241342313

344312212

443322111

=

=

=

=

yxyxyxyxu

yxyxyxyxu

yxyxyxyxu

yxyxyxyxu

 

and deduce inequality 

.)( 2

44332211

2

4

2

3

2

2

2

1 yxyxyxyxuuuu    

Proof: Set 213432211 =,=,= iyyzixxzixxz   

and .= 434 iyyz   We have  

))((= 2

4

2

3

2

2

2

1

2

4

2

3

2

2

2

1 yyyyxxxxT   

.=))((= 424241413232313144332211 zzzzzzzzzzzzzzzzzzzzzzzz 

Therefore .= 2

4

2

3

2

2

2

1 uuuuT   

Example 6.  Given three different complex numbers 

321 ,, zzz we have  

n
nnn

x
zzzz

zxzxz

zzzz

zxzxz

zzzz

zxzxz
xf =

))((

))((

))((

))((

))((

))((
=)(

2313

213

1232

132

3121

321















với 0,1,2.=n  

Proof: The polynomial 
nxxf )(  and its degree is 

less than 3  such that 0.=)(=)(=)( 321 zfzfzf  

Therefore 
nxxf =)(  and we get the result. 

Example 7.  Given three different complex numbers 

321 ,, zzz  and two complex numbers vu, we have  

))()((

))((
=

))()((

))((

13121

11

321 zxzzzz

vzuz

zxzxzx

vxux









.
))()((

))((

))()((

))((

32313

33

23212

22

zxzzzz

vzuz

zxzzzz

vzuz











Proof: We consider 

.=
))()((

))((

3

3

2

2

1

1

321 zx

x

zx

x

zx

x

zxzxzx

vxux










  

Then we have 

).)(())(())((=))(( 213132321 zxzxxzxzxxzxzxxvxux 

 Where 321 ,,= zzzx  we get  



























))((

))((
=

))((

))((
=

))((

))((
=

2313

33
3

1232

22
2

3121

11
1

zzzz

vzuz
x

zzzz

vzuz
x

zzzz

vzuz
x

 

and we get the result. 

Example 8.  Given three different complex numbers 

321 ,, zzz  we have  

))()(())()(( 21232

13

13121

32

tzzzzz

zz

tzzzzz

zz










.
))()((

=
))()(( 321

321

32313

21

ztztzt

zzzt

tzzzzz

zz










Proof: We consider 

.=
))()(( 321321

321

zt

z

zt

y

zt

x

ztztzt

zzzt










  

then we have 

).)(())(())((= 211332321 ztztzztztyztztxzzzt 

where 321 ,,= zzzt  we get  






























))((
=

))((
=

))((
=

2313

21

1232

13

3121

32

zzzz

zz
z

zzzz

zz
y

zzzz

zz
x

 

and we get the result. 

Example 9.  Given four different complex numbers 

4321 ,,, zzzz  and three complex numbers wvu ,,  

then we have =
))()()((

))()((

4321 zxzxzxzx

wxvxux




  

))()()((

))()((

))()()((

))()((

2423212

222

1413121

111

zxzzzzzz

wzvzuz

zxzzzzzz

wzvzuz












Anale. Seria Informatică. Vol. XV fasc. 2 – 2017 
Annals. Computer Science Series. 15th Tome 2nd  Fasc. – 2017 

 

22 

.
))()()((

))()((

))()()((

))()((

4342414

444

3432313

333

zxzzzzzz

wzvzuz

zxzzzzzz

wzvzuz











Proof: We consider 

.=
))()()((

))()((

4

4

3

3

2

2

1

1

4321 zx

x

zx

x

zx

x

zx

x

zxzxzxzx

wxvxux














Then we have  

))()(())()(())()((=))()(( 214314324321 zxzxzxxzxzxzxxzxzxzxxwxvxux 

).)()(( 3214 zxzxzxx   Where 

4321 ,,,= zzzzx  have  

































))()((

))()((
=

))()((

))()((
=

))()((

))()((
=

))()((

))()((
=

342414

444
4

231343

333
3

124232

222
2

413121

111
1

zzzzzz

wzvzuz
x

zzzzzz

wzvzuz
x

zzzzzz

wzvzuz
x

zzzzzz

wzvzuz
x

 

and we get the result. 

Example 10.  Given three different complex 

numbers 321 ,, zzz  we have  

1.=
))((

))((

))((

))((

))((

))((

2313

2113

1332

1332

3221

3221 














zzzz

zzzz

zzzz

zzzz

zzzz

zzzz
 

Proof: Set ,=
21

21

zz

zz
x




 .=,=

13

13

32

32

zz

zz
z

zz

zz
y








  

Then we have 

1).1)(1)((=1)1)(1)((  zyxzyx  

Therefore we have 1=  zxyzxy  and we get 

the result. 

Example 11.  Given three different complex 

numbers 321 ,, zzz  we have  

))()(())()(( 21232

2

2

13121

2

1

zzzzzz

z

zzzzzz

z






.
))()((

=
))()(( 321

2

32313

2

3

zzzzzz

z

zzzzzz

z


  

Proof:  Set 

.=
))()(( 3

3

2

2

1

1

321

2

zz

x

zz

x

zz

x

zzzzzz

z








 

Then we have 

).)(())(())((= 213132321

2 zzzzxzzzzxzzzzxz   

Where 321 ,,= zzzz   

we get 





















))((
=

))((
=

))((
=

2313

2

3
3

1232

2

2
2

3121

2

1
1

zzzz

z
x

zzzz

z
x

zzzz

z
x

 

and we deduce the result. 

Example 12.  Given 1n  complex numbers 

zzzz n ,,,, 21   and ,,1,2,=, nkzz k   we have 

.
))(())(())((

=
))(( 1

1

32

32

21

21

1

1

nn

nn

n

n

zzzz

zz

zzzz

zz

zzzz

zz

zzzz

zz





















  

Proof: From 
hkhk

hk

zzzzzzzz

zz






 11
=

))((
 we 

deduce the result. 

Example 13.  Assume the different complex 

numbers szzz ,,, 21   and 0 ji az  where 

si ,1,=   and .,1,2,= nj    

Given nxxx ,,, 21   by  

n

n

n

s

az

x

az

x

az

x

azazaz

zzzzzz
















2

2

1

1

21

21 =
)())((

)())((
 

and deduce 

.
||||

||||

||||||

||

1

1

1=

1

1=

1=

1= n

s

kki

n

ki

ik

k

i

ik

s

i
n

k azaz

zzzz

azaaaa

za
















 




Proof: Assume 

.=
)()(

)()(

2

2

1

1

1

1

n

n

n

s

az

x

az

x

az

x

azaz

zzzz
















then we have  

)())(()())(( 312321 nn azazazxazazazx  

)())(()())(( 214213 nn azazazxazazazx  

)())((... 121  nn azazazx   

).())((= 21 szzzzzz    

we get 
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n

in

n

i

in

s

i

ns

n

i

n

i

i

i

i

s

i

s

i

n

i

i

s

i

s

i

n

i

i

s

i

s

ax

aa

za

x

ax

aaaa

za

x

ax

aaaa

za

x

ax

aa

za

x

=where

)(

)(1)(

=

...

=where

)()(

)(1)(

=

=where

)()(

)(1)(

=

=where

)(

)(1)(

=

1

1=

1=

1

3

3

4=

3

2

1=

3

1=

2

3

2

2

3=

12

2

1=

1

2

1

1

2=

1

1=
1

 

and  

.

))(()(

)(1)(

=
)()(

)()(

1=

1

1=

1=

1

1=1

1

kki

n

ki

ik

k

i

ik

s

i

ks

n

kn

s

azaaaa

za

azaz

zzzz























 

Therefore, we deduce 

.
||||

||||

||||||

||

1

1

1=

1

1=

1=

1= n

s

kki

n

ki

ik

k

i

ik

s

i
n

k azaz

zzzz

azaaaa

za
















 


  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3. CONCLUSION 

 

Many teachers believe that they in Vietnam have 

benefited from innovative general education 

program after 2015. Teaching method had important 

innovation in both theory and practical. it is 

important to teach pupils self-learning and 

discovering knowledge. teachers help pupils to 

applying knowledge flexibly and studying more 

effectively. I and my partner ([HT15, Tin15]) state 

that, It has been my experience that competency in 

mathematics, both in complex numbers 

manipulations and in understanding its conceptual 

foundations, Enhances a teacher’s ability to teach 

mathematical in high schools in Vietnam. 

 

REFERENCES  
 

[HT15] T. T. Hai, T. T. Tinh - Forming and 

strengthening teaching competency in 

Mathematics Pedagogy students. 

Journal of science, Hanoi National of 

Education, Vol. 60, No. 1, 2015, 

Vietnam.  

 

[N+15] D. V. Nhi, V. D. Chin, D. N. Dung, P. 

M. Phuong, T. T. Tinh, N. A. Tuan -  

Elementary geometry. Information and 

Communications Publishing House, 

2015, Vietnam.  

 

[Tin15] T. T. Tinh - Teachers assess student’s 

mathematical creativity competence in 

high school. JOSA year 15, No. 4 (33), 

2015, Romania.  

 


