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ABSTRACT: In teaching mathematics at high schools,
the mathematics competency of teacher is an important
procedure in teaching process. This paper, | pointed out
some application of complex numbers in mathematics.
And i hope it will help the teachers to develop high school
their mathematics competency in Vietnam.
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1. BUILDINGA C FIELD

We review Carte T =RxR={(a,b)|a,beR}
and the following definition:
(a,b)=(c,d) ifandonlyif a=c,b=d
(a,b)+(c,d)=(a+c,b+d)
(a,b).(c,d) = (ac—bd, ad +bc).
We can write, (a,b).(c,d) through (a,b)(c,d).
From the definition of multiplication:
e Where 1=(0,1) €T we have
i”=1i=(0,1)(0,1) = (-1,0)
 (a,b)(1,0) =(a,b) =(1,0)(a,b)
* (a,b)=(a,0)+(0,b) = (a,0)+(b,0)(0,1), V¥ (a,b) €T.
Notation C isset T with Mathematical operations
above. We get:
Lemmal Map ¢:R—C,ar>(a,0), Isasingle
map and such that
da+a’) = 4(a)+¢(a), ¢(aa’) = g(a)p(a’) forall
a,a’'eR.
(,0)eC is the same as a<R. Then we have
(a,b) =(a,0)+(b,0)(0,1) =a+hi where
i=(=1,0)=—1. Therefore i or a or a+bi
are equal in C.
Deduce C={a+bi|la,beR,i®=-1} and in C
we have the following results:
a+bi=c+di ifandonlyif a=c,b=d
a+bi+c+di=a+c+(b+d)i
(a+bi)(c+di) =ac—bd + (ad +bc)i.
This objects z=a+bieC considered as a
complex number with a is the real part (Notation
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Re(z),) and b is the imaginary part, (Notation
Im(z) ); and i is the imaginary unit. Complex
number a—bi is called a conjugate complex of
z=a+bi and notation z=a-+bi. We have
2z = (a+bi)(a—bi)=a?+b?,22,=2.2z, and
The modulus of a complex number z is

|z |- \/; The argument number of a complex
number z'=c+di is —z'=-c—di, then we have
z-7'=(a+bi)—(c+di)=a—c+(b—d)i.

Consider the system of coordinate (Oxy). This

Complex number z=a-+bi we get a point
M (a;b). and it is a bijection

C >RxR

z=a+hi— M(a;b).

In mathematics, the complex plane or z-plane is a
geometric representation of the complex numbers
established by the real axis and the perpendicular
imaginary axis. with the real part of a complex
number represented by a displacement along the
x-axis, and the imaginary part by a displacement
along the y-axis.

In geometry, a seventeen-sided polygon is a
constructible polygon (that is, one that can be
constructed wusing a compass and unmarked
straightedge). This was shown by Carl Friedrich
Gauss in 1796 at the age of 19.

Proposition 1. R fieldisin C field

Proof: We see that C is a commutative ring, where

1 is unit. Suppose z=a-+bi=0. then

a’+b?>0. Suppose z'=x+Yyi €C must satisfy
_ . ax—by =1

requirements zz'=1 or We get
bx-+ay =0.

a b
X= Deduce

_a2+b2'y=_a2+b2'

,_ a

T aZ+b? a’+b
Deduce C is a field. Map C—>C,z>7 isa
conjugate self- isomorphism. Homogeneoust a € R

Z 5 i is a inverse number of z.
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with a+0i €C and we can say that R < C.

Notation that, inverse number of z#0 is
a_ 1 7' 7'z
|z z Czf

Definition 1. [N+15] Given complex number z # 0.
Suppose M is a point in the complex plane for
expression z. The angle measurement created by
first ray Ox and last ray OM called Argument of
z and notation  Arg(z). The angle

a= XDOM —nr<a<m called argument of z
and notation Argz. Argument of 0 complex is not
definition.

Notation that, if o is a argument of z then forall
argument of z are a+k.2zr where keZ. If
z#0, noindent a-+Kk.27 is Argument of z.

Notation r = \/Z Therefore, the complex number
z=a+bi has a=rcosa,b=rsina. Deduce, if
z#0 then z=r(cosa+isina) , we called
dang luong giac of z.

Proposition 2. Given complex number z,,z, and
z, =r(cose, +isine),

z, =r,(cosa, +isine,), r,r,>0, we always

have
_ o lal
“lzz, Flzllz, | | =IF
2| 2|
|2,+2, ||z [+]|Z, F R+,

« 2,2, =, [cos(e, + @) +1sin(ey + 2, )]

z, T .
—L = L[cos(ey, —,) +isin(a, —a,)] where
ZZ 2
r,>0.
Proof: It’s easier to get the result.
Example 1. With a-+bi = (x+iy)" we have
a’+b? = (x> +y*)".

Proof: From a+bi= deduce
a—bi=(x-iy)".
a’+b* = (x> +y*)".

Proposition 3. [Moivre] If z =r(cosa +isina)

(x+iy)"
Therefore

then forall neZ"™ we have

z" =r"[cos(nex) +isin(na)].

Proof: Using Mathematical induction methods by n
to get the result.

Corollary 1. An nth root of a complex number
z=r(cosa+isina) =0 are different values in

2. = " (cos +2k7r+isina+2k7z)
n n

where
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k=1.2,...,n
Next, we prove a Euler’s famous theorem below:
Theorem 1. [Euler] For all x we have
e = cos X +isin x.
Proof: From
v)3 v\
|x IX IX IX
o =14 () LG AR
1! 2! 3! n!
deduce
2 x4 2n
( - __...+(_1)n +)
2! 4] (2n)!
3 5 2n-1
x> X X
FiX— = == (D" ———— ).
3! 5l (2n-1)!
Therefore €* = cos x+isin x.

Corollary 2. For all Real numbers X,y we always
have
. ei><eiy — ei(><+y) and (eiX)n —e

"™ forall neZ.
ix =
. e_iy =e'*Y and e¥ =™ =
e e
ix —ix ix

e COSX= ,sinx =

.. ix iy
. <e¥ eV >= l(e_+e—) =cos(x—Y).
2 e|y eIX

Proof: From theorem 1, we easier to get the result.
Given  three  distinctive  points  A/B,C

corresponding to three complex numbers a,b,c.

We notation [A,B,C]= C_: eC and we call it

single ratio of point sets A, B,C. We have result.
Corollary 3. Given three distinctive points A, B,C
corresponding to three complex numbers a,b,c all

on a line if and only if [A,B,C]=

c-a eR.
b

Proof: Set c—a=re'*,c—b=r'e”. then we have
c—a r

[AB,C]=""2=

—e'@P three points A,B,C
c-b

!

all on a line if and only if arg%:kzz or

r. r o .
—,e'k” =+ —. Therefore, three distinctive points
r r

A, B,C corresponding to three complex numbers
a,b,c al on a line if and only if

[ABC]=""2cRr
C—

Dot product and deviation product of two complex
numbers z,,z,, notation <z,z,> and [z,Z,],
It is defined as following:
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1, — — 1, —
<7, >:§(lez +2,2,)[2,,2,]= E(lez

Proposition 4. If
z, =r(cose, +isine,),z, = r,(cosax, +isina,)
where 1,110 then
g Hzlz) 12 E1A e
2 12|
|12,+2, |1 7| +] 2, ]
« 2,7, = [cos(e, +a,) +isin(e, +a,)]
% = b fcos(a, —a,) +isin(a, —a,)] where

2 2
r,>0.
« <2,2,>=|z| z,|cos(e, —x,) and
<2,7,>=<1,,2,>.
- <az, +bz,,z,>=a<z,z,>+b<z,2,>
forall complex numbers z,,z,,2, and forall
a,beR.

* [z,,2,]1=2 || z, | sin(er, — ;) and
[2,,2,]=-z,,7].
» Given

Z, =COSa, +ising,,z, =COSa, +isSina, we
have

A O o, +a .. o ta
2, -7, =i2sin—1—2(cos =—2 +isin —+—=%)
2 2

. o,
|z, -z, |F 2|sin—+—%

Proof: It’s easier to get the result.

You can check all the results. Special, deviation
product hasgeometric significance: Given point O
and the coordinates of the points M,N are

respectively z,,z,, three points O,M,N all on a
line if and only if [z,,z,]=0. When three points
O,M,N not in line then absolute value of
deviation product [z,,z,] twice the area triangle
OMN.
Given two complex numbers z, and z, we always
have
2,=2,<z, 7|z, |,argz, =arg z, + 2kz, k € Z.
arg(z,z,) =arg(z,)+arg(z,) + 2kz,k e Z.
arg(%) = arg(z,) - arg(z,) + 2k, k € Z.

2

Arg(z,z,) = Arg(z,) + Arg(z,).
Arg(%) = Arg(z,) - Arg(z,).

2
We say that, the polynomials of positive degree in

—-7,2,).
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C[x] always have roots in C. The fundamental

theorem of algebra states that every non-constant
single-variable polynomial with complex
coefficients has at least one complex root. This
includes polynomials with real coefficients, since
every real number is a complex number with an
imaginary part equal to zero.

Equivalently (by definition), the theorem states that
the field of complex numbers is algebraically closed.
Definition 2. In abstract algebra, an algebraically
closed field K contains a root for every
non-constant polynomial in K[x] , the ring of
polynomials in the variable x with coefficients in
K.

From The fundamental theorem of algebra, we
deduce results of irreducible polynomial in C[X]:

Corollary 4. Given the polynomials in C[x]

where degree n>0 have n rootsin C and the
irreducible polynomials in C[X] have 1 degree.

Corollary 5. Let f(X)eR[X]\R. f(x) is
irreducible polynomial if and only if or

f(x) =ax+b where a=0 or

f (x) =ax*+bx+c where a=0 and

b? —4ac <0.

2. SOME EXAMPLES
NUMBERS

OF COMPLEX

Example 2. Prove that, with two complex numbers
z, and z, we always have

212, 2|2, =z, + 2, [ +] 2,2, .

Proof: Assume A(z,),B(z,) and C(z,+2,). So
the quadrangle OACB is Parallelogram, we deduce
OC? + AB* = 20A?% +20B? or
2[| Z |2 +| Z, |2] :l 4, =1, |2 +| L+, |2 :

Example 3. With two complex numbers z and z',

we set U =+/zz". Prove that
z+7' z+7'
lz|+]Z'|F IT—UI+| +ul.
Proof: Because
|£ o+ |z+z |(\/_ \/_)| |(\/_+\/_
2

if weset z, = \/E z, = V7' then we will have to
prove: 2[ 7, F +12, P1=12,~2,F +]2,+2, .
We consider A(z),B(z,) and C(z,+12,).
Because the quadrangle OACB is Parallelogram,
deduce OC? + AB? = 20A? + 20B? or
27, +12, P12 -2, +| 7,42,
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Example 4. [N+15] Prove that, with three different
complex numbers z,,z,,Z, have

Z,+Z Z,+1Z
2lsz_\/2122 |+2| : 3_\/2123|

2
7,+1 7,+1 J2,1
22 S | 92|+ 22z, - 17, + Y

- 4 2
Proof: Set u; =\/ZT- where j=1,2,3. We will
have to prove

2_ |U2—U3 |2

|U1_u2|2+|u1_u3 - +2|U1

Consider triangle ABC where

A(u,), B(u,),C(u;) and M(u"-—;us) is midpoint

of sided BC.

2
a
Because b’ +c” =2m’ o deduce we get

:|u2—u3|2 _Up Uy, |2

|u1_u2|2+|u1_u3|2 +2[u,

and hence, ends the proof.
Example 5. [Euler] Given

X1, X5, %50 X0, Y1, Y, V3 Y, € R we always have
(O +3G +3G +X)(Y; + Yz + Y3 +Y5) = Uy +Up U5 U,
where

U =X Y1 = XY = X3Y3 =X, Y,

Uy =X Yo + XY+ XY, — X, Y3

Us = X Y3 = X Yy £ XY T XY,

Uy = X Ya + XY = XY, + X, Y,
and deduce inequality
Uf + Uz +U3 +UIGY; +X Y, + XY +X,Y,)°.
Proof: Set z; = X +1X,,Z, = X3 +1X,,Z, = Y, +1y,
and z, =y, +Iiy,. We have
T =04+ +X +X) (V) + Y5 +Y; +Y5)
= (21;1+ Zz;z)(zs;3+ Z4274) = leai"' Zzzsﬁ*' leAE-I- 2224a'
Therefore T =u?+u +u’ +u;.
Example 6. Given three different complex numbers
Z,,Z,,Z,we have

_Z0-1)0-z) | G-z)-z) Bi-g)-z)
(Zl_zz)(ZFZs) (22—23)(22—21) (23_21)(23_22)

v6i n=0,1,2.
Proof: The polynomial f(x)—X" and its degree is
less than 3 such that f(z,) = f(z,)= f(z,)=0.

Therefore f(x)=Xx" and we get the result.
Example 7. Given three different complex numbers

n

X

_u2+u3 |2.

21

Z,,2,,Z, and two complex numbers u,Vv we have
(x-u)(x=-Vv) (z,-u)(z,-v)
(X - 21)()( - Zz)(X - 23) B (Zl - Zz)(zl - 23)(X - 21)
(Zz _U)(Zz _V) (23 —u)(23 _V)
(Zz - Z1)(22 - 23)(X_ Zz) (23 - Zl)(ZS - 22)(X— 23) .
Proof: We consider
(x=u)(x—v) X X,
(X—2)(X-2,)(X-2,) X-2, X-2, X-12;
Then we have
(X=U)(X=) = X (X=2,) (X~ 2) + X, (X~ 25) (X~ )+ Xy (X~ 1, )(X=2,).
Where X=12,,2,,2, we get

— (21 — u)(zl _V)
(Zl - Zz)(zl - 23)
X, = (Zz_u)(zz_v)
2
(Zz B 23)(22 N 21)
X, = (23—U)(23—V)
=
(23 - 21)(23 - Zz)
and we get the result.
Example 8. Given three different complex numbers

Z,,2,,Z; We have

X3

+

1

Z,+1, N ,+1,
(21_22)(21_23)(Zl_t) (Zz —23)(22 _Zl)(zz _t)
N Z,+12, _ t-z,-2,-17,

(23 _21)(23 —22)(23 _t) (t—Zl)(t—Zz)(t—ZS)
Proof: We consider
t—-z,-2,-12, _ X N y N V4 .
(t—Zl)(t—Zz)(t—Z3) t-z, t-z, t—Z3
then we have
t-2-12)-1,= X('[—Zz)(t—Z3)+ y(t—23)('[—Zl)+2(t—21)(t—22).
where t=127,,2,,Z, we get

- Z,+1,
(21 - 22)(21 - 23)

y=-— Z,+17,
(22 - 23)(22 - Zl)

- L+,
(23 - 21)(23 - Zz)

and we get the result.
Example 9. Given four different complex numbers

Z,,2,,2,,Z, and three complex numbers u,v,w
(X=u)(x=v)(x—w)
(x-2)(X-2,)(x—2)(x~2,)
(21 —U)(Zl _V)(Zl _W) (Zz —U)(Zz _V)(Zz _W)
(21 - ZZ)(Zl - 23)(21 - 24)(X_ 21) (Zz - 21)(22 - 23)(22 - 24)(X_ Zz)

then we have
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(23—U)(ZS—V)(Z3—W) (24_U)(24

—V)(z,-w)

+ + :
(23 - Zl)(z3 - Zz)(zs - 24)()(_ Za) (24 - Z1)(24 - Zz)(z4 - 23)(X - Z4)

Proof: We consider

S G I
(X—Zl)(X—Zz)(X—ZS)(X—Z4) X_Zl X_Zz
Then we have

X3 X4
X-17, X-1,

(X=U)(X V)X~ W) = % (X~ 2,) (X~ Z5) (X~ 2,) + X, (X~ Z,)(

+ X, (X—2,)(X—2,)(X—2;). Where
X=12,2,,2,,Z, have

— (Zl_u)(zl_v)(zl_w)
' (21_22)(21_23)(21_24)
— (Zz —U)(22 _V)(Zz _W)
’ (Z 3)(22 _24)(22_21)
(Z U)(Z3 _V)(Za _W)
o (23 4)(23 - Zl)(ZS - Zz)
X = (Z —U)(Z4—V)(Z4—W)
) (24 - Zl)(z4 - Zz)(z4 - Zs)
and we get the result.
Example 10.  Given three different complex

numbers z,,Z,,Z, we have
(Zl+22)(22+23)+(22+23)(Z3+Zl)+(Z3+Zl)(zl+22) -
(21_22)(22_23) (22—23)(23—21) (23_21)(23_22)

Z,+12 Z,+12 Z,+2
Proof: Set x=-—1—2 y=-%2_3 7=-3 "1

Z,—-1, Z,— 1, ;-1
Then we have

(x+1)(y+1D)(z+1) = (x-1)(y-1D)(z-1).
Therefore we have Xy+Yyz+2zX=-1 and we get

the result.
Example 11. Given three different complex

numbers z,,Z,,Z, we have

2 2
Zl Z2

(0 -2)(0-23)7-2)  (1-2)(2 - 2)(2-2,)
z; _ 72
G-2)E-1)2-1)  (-1)2-2)2-12,)

Proof: Set
2

z _ X
(2-2)(z-2,)(2-12;)

Then we have
ZZ = Xl(z B 22)(2 - 23) X% (Z - 23)(2 - 21) + X3(Z - 21)(2 - Zz)-
Where 2=12,,2,,2,

22

Z2
X, = L
(Zl_zz)(zl_zs)
ZZ
we get < X, = 2
(22 - 23)(22 - 21)
z
g KB 020 2)
an deélu ethelresu
Example 12. Given n+1 complex numbers
2,2,,...,2,,Z and z#2z,k=12,...,n, we have
L-1, - L-7 + LY Fot Iy~ L .
(Z_Zl)(z_zn) (1_21)(2_22) (Z_Zz)(z_za) (Z_Zn—l)(z_zn)
Z, -1, -’ 1
Proof: From = — we
(z-z)z-2,) -z, 11-1,

deduce the result.

Example 13.  Assume the different complex
numbers  z,,2,,...,z; and z;+a;#0 where
=1,...,s and j=1.2,...,n
Given X, X,,..., X, by
(z—zl)(z—zz)...(z—zs): X X, T X,
(z+a)(z+a,)...(z+a,) z+a z+a, Z+a,
and deduce
S
|a, +7]
Z”: 1_1[ | |2-7,]...|7-7]
k-1 n !
Z+a|...|7+4
= |ak_ai|H|ai_ak||Z+ak| | a1| | nl
i=1 i=k+1
Proof: Assume
(z—zl)...(z—zs): X X, . X,
(z+a)...(z+a,) z+a z+a, zZ+a,

then we have

% (2+a)(z+a,)...(z+a,)+X,(z+8)(z+a,)...
+X(2+a)(z+a,)...(z+a,)+Xx,(z+a)(z+a,)...
+..+X,(z+a)(z+a,)...(z+4a,,)

=(z-2))(z-12,)...(z—1z,).

we get

(z+a,)
(z+a,)
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(- 1)SH(81+Z)

X, = = where x = —a,

H(ai -a)

(- 1)3”1_[(&2 +1;)

X, = - where x = —a,
- al)H(ai - az)
i=3
1] (s +2)
X; = — e where x = —a,

[

i=1

38 )H(ai B as)

)= [(a, +2)
X, = — 1= where x = —a,
[Ia,-a)
i=1
and
_ s+k-1 s )
(Z—Z) :Zn: ( l) lijll(ak+z|)
(Z+a1) n k=1 . 1 :

|=1 i=k+1
Therefore, we deduce

s
[Tla+zl

lz-2/]...|2-2]

ai)H(ai _ak)(z-l_ak).

Z”: i
k-1 n
“ |ak_ai|H|ai_ak||Z+ak|
i=1 i=k+1

lz+a]...

|z+a, |

23

3. CONCLUSION

Many teachers believe that they in Vietnam have
benefited from innovative general education
program after 2015. Teaching method had important
innovation in both theory and practical. it is
important to teach pupils self-learning and
discovering knowledge. teachers help pupils to
applying knowledge flexibly and studying more
effectively. | and my partner ([HT15, Tinl5]) state
that, It has been my experience that competency in
mathematics, both in  complex  numbers
manipulations and in understanding its conceptual
foundations, Enhances a teacher’s ability to teach
mathematical in high schools in Vietnam.
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