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ABSTRACT: This study aimed at obtaining variance
component estimators for all effects of Sudoku square
models. The analysis of variance (ANOVA) method was
used for the derivation of the variance components for the
four Sudoku models.
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1. INTRODUCTION

Variance components are different sources to the
variation in an observation and are commonly
estimated in the course of determining sampling
design, establishing quality control procedure or in
statistical genetic, estimating heritability and genetic
correlation. The estimators used mostly often have
been the analysis of variance (ANOVA) estimator
which are obtained by equating observed and
expected mean squares from analysis of variance
([Sea71, SCC92]). The ANOVA estimator have
properties, especially if the data are balanced (that
is, if they equal number of observation in
corresponding rows, or column, or rowblock or sub-
square) which are unbiased, minimum variance
among all unbiased estimators. Hirotsu ([Hir61]) and
Blischke (Bli66, BIi68]), and study the variance
components under normality assumptions for
sampling variances of the resulting estimator.
Anderson ([And78]), Anderson & Crump ([AC67]),
Bainbride ([Bai63]) gave some advantages of
ANOVA method over other methods in the case of
special designs planned for estimating variance
components, as it is the easy to compute, has
minimum variance and data need not to be normal.
Searle ([Sea88]) studied variance components of
balanced data under the properties of ANOVA
method of estimation. Valencia et al. ([VDMO07])
estimated variance components, for total milk
production, cumulated milk production to 120 days
and for lactation length in Saanen goats in Mexico
using data from one herd .Ewa et al. ([E+17]) used
Analysis of variance (ANOVA) method to obtained
the Estimates of variance components some traits of
BC2 population of Cassava.
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Sudoku is the abbreviation of the japanese longer
phrase “suji wa dokushin ni kagiru”which means the
digit must occur only once ([Ber07, GL06]). Sudoku
puzzle is a very popular game, the objective of the
game is to complete a 9 X 9 grid with digits from 1
to 9. Each digit must appear once only in each row,
each column and each of the 3 x 3 boxes see Bailey
et al.([BCCO08]).

Sudoku square design consists of treatments that are
arranged in a square array such that each row,
column or sub-square of the design contains each of
the treatments only once. Hui-Dong and Ru-Gen,
([HRO8]) defined Sudoku square design as an
experimental design with p? experimental units that
are divided into p rows, p columns, and p boxes (i.e.,
each box contains p experimental units with 1
through p treatments). In this design each treatment
has p replications. They further explained how the
design and randomization of Sudoku Square are
done see Hui-Dong and Ru-Gen ([HRO08]) for the
details. However, the Sudoku design presented by
Hui-Dong and Ru-Gen ([HRO08]) does not contain
row-blocks or column-blocks effects. Subramani and
Ponnuswamy ([SP09]) extended the design to
include row-blocks and column-blocks effects in
which they called Sudoku designs-Type | and further
proposed three other Sudoku square models.

This paper proposed variance component estimators
for the various effects for Sudoku square design
models presented by Subramani and Ponnuswamy
([SP0O9]) using Analysis of Variance (ANOVA)
method.

2. METHODOLOGY
2.1 ANOVA Method of Variance Components

The procedure consists of equating the expected
mean square to their observed value in the analysis
of variance table and solving for the variance
components ([Sea88]). Mean square of effects of the
Sudoku models I-IV can be obtained as sum of
squares divided by degrees of freedom. They are
based on using means, variances and covariances of
random effects of the models to all random factors.
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This gave an indication that expectations of all
effects of each factor are assumed to have zero
mean. If assuming x is a random variable then the
E(x) = 0, has constant variance and zero covariance
with other. In addition, all effects of random factor
assumed to have zero covariance with those of each
other factor with the error terms. And error terms all
have expected value zero and same variance and
zero covariance with each other. Some other
expectations are given in section 2.2.

2.2 Expectation of values

In this study, the following expected values will be
of importance in the derivation of variance
components for the various Sudoku models.

Eleijuipg]1=0,
cov(Treijoipa) = cov(Teijkipa))
cov(RBiei‘j(k,l,p,q)) =0
cov(CBje jkipq)) = coV(Riei jtk1p.q))

= cov(Cpeyjtkipa))

= COV(Sqei,j(k,l,p,q)) =0
E[Yl](klpq)] = E[? 1= E[T_k] = E[W] =
E[CB)] = E[R/] = E[C,] = E[$q] = u

[ l,J] = var[Yu] + (E[ lJDZ

2.3 Sudoku square design models and Sum of
squares for various effects

Model Type |
The row, column, and treatment effects are assumed
as in the latin square, also in addition to the

assumption, row-block, column-block and square
effects.

Yijaipgy = #+ ai+ B+ T + G +yi+54 +
€i,j(kLp.q) (1)

where i,j =1 -
1 = Grand mean
a; = ith Row block effect
B; = jth Column block effect
T, = kth treatment effect
y; = lth Row effect

= pth Column effect
Sq = qth square effect
€ijkLpqr) — 1S the error component assumed to
have mean zero and constant variance 2.

=i 12 1Yz] and N = m* u=G/N

TSS = ZZ Y% —m*Y2

i=1j=
2 -2 =
SStreat = 2121 m2T, —m*Y?
m

m klLpg=1 -

SSrowblock = z m3RB,” — m* 72

i=1

107

SScolblock = » m*CB;" —m* V2

=1
mZ
SSrow = Z m2R,? — m* 72
=1
SScol = ypv 1mZC —m*Y?
mz
SSsquare = Z m25,% —m* V2
=1
m? m?
SSerror = Z Z lej
i=1j=
Z m3RB,” Z m3
i=1
mZ
_ Z m2T
k=1
m? m?
_ 2 ——2
— Z m2R;" — » m?C,
=1 p=1
mZ
— > m?5;% +5m*E[V?]
=1
([SP0O9])
Model Type 11

The model assumed that row effects are nested in
the row block effect and the column effects are
nested in the column block effects.
Yiioipg = £+ ai+ Bj+ 1 +y(@)o +
CBp(j) +5¢ * €ijrtpa)
where i,jLp=1 -m
u = Grand mean

= ith Row block effect
B; = jth Column block effect
Ty, = kth treatment effect
sq =qth square effect
y(a),;) = Ith Row effect nested in
effect
c(B)pjH= pth Column effect nested in jth column
block effect
€ jkLpqr) = IS the error component assumed to
have mean zero and constant variance o2.

)

2

kg =1 +-m

ith row block

G =X 12 1Yu and N = m* H=
G/N

m? m?
T55=zzyi?j—m4yz

i=1j=1

SStreat = ZZ‘; mZT_k2 —m*Y?
m

SSrowblock = z m3RB,” — m* 72

i=1
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SScolblock = Y7 1m3W2 —m*Y?

Zm

3Ap2
mam CB]

SSrowwithinRb = Z mZR

SScolwithinCh = Z;’le cp -
mZ
_ =2
SSsquare = Z m?$,% —

q=1
m2 m?

SSerror = Z z

i=1j=

m*Y?

i=1 [=1i=1
m? m?
27 2 22
k=1 q=1
+3m*¥?

([SP09])

Model Type 111
The model assumes that the horizontal square effects
are nested in the row block and vertical Square
effects are nested in the column block effects.
Yij(k,l,p,q,r) = put+a+ Bj Tttty tcp+
s(@qw) + TBr) T €ijtipar
where i,j,q,r=1 --m kLp =1 -+ m?
u = Grand mean effect
= ith Row block effect

B; = jth Column block effect
Ty, = kth treatment effect
sq =qth square effect
y; = lth Row effect

= pth Column effect
s(@)q(i) = qth Horizontal square effect nested
in ith Row block effect
n(B)r(jy = rth vertical square effect nested in the
jth column block effect
€ jklpqr) — IS the error component assumed to
have mean zero and constant variance o2,

G=Xi Z w=G/N

ros = zz

_2 —_
SStreat = L":Zl m2T,” —m*Y?
m

3)

Y, and N = m*

SSrowblock = Z m3RB,” — m* 72
i=1

SScolblock Z

SSrow = Z m?
=1

L ,m3CB,” — m* V2

R —m*7?
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m?2

SScol = Z mZC_p2 —m*Y?

p=1
m m
SShwrowblock = Z Z m? q(l) 2 m3
i=1q=1 =
SSvwrowblock = Z Z 52 Z m3cB;
j=1r=1 j=1
m? m?
SSerror = Z Z
i=1j=
__:E:7n2F52
=1
m? m?
— ) m?¢; — Z m2T?
p=1 k=1
m m m m
<2
—Z Z m*Sqe) — Z m?8:())
i=1qil j=1r=1
+ 4m*Y?
([SP0o9])
Model Type IV

In the model below, it is assumed that the row
effects and horizontal square effects are nested in the
row block and the column effects and the vertical
square effects are nested in the column block effects
Yiiwipgr =H+ ai+ Bj+ 1 +yv(@)p +
cBpiy +5(@qw + TBr() + €ijkipan
Where
i,j,Lp,qr=1 --m and
u = Grand mean effect

= ith Row block effect
p; = jth Column block effect
Ty, = kth treatment effect

k=1 - m? (4)

=(th square effect
y(@)iy = Ith Row effect nested in  ith row block
effect

c(B)phH= pth Column effect nested in jta column
block effect

s(a)qqy = qth Horizontal square effect nested
in ith Row block effect

(B)rjy = rth vertical square effect nested in the
jth column block effect

€ j(kLpqr) = IS the error component assumed to
have mean zero and constant variance o2.

=i 12 1Yl] and N = m* n=G/N

ros = zz -

SStreat = Y, m?T, — m* 72
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SSrowblock = Z m3RB,” — m* 72
i=1
SScolblock = YT 1m3CB —m*Y?

SShwrowblock = ZZm sq(l) Zm RB

i=1qg=1
SSvwrowblock = Z L rem 6 r(j) —

am cB2
SSrowwithinRb = Zl ° m2R,? — ¥ m3RB,’,

m
SScolwithinCh = Z mzc_p2 - Z m3CB,

m2 m?

SSerror = ZZ +Zm3RB +Zm

i=1j=

m m m m
252 252
mheg = ) =), ) m*Si
p=1 k=1 i=1qg=1
m m
= D) miE + 2mAY?
j:l r=

([SP09Y)
3.3 Test of hypothesis of variance component

The hypothesis that we are interested in testing are

HO: Geszect =0

Testing  of

components

Hence the test statistic is of the form

MSeffect

_ MSerror

HO IS I'EJECIEd if FO > Fdfeffect, dferror ,1-«
([Sea88])

hypothesis = about the variance

O:

4. RESULTS

4.1 Derivation of variance components of Sudoku
square design models

Sudoku Square design model Type |
From equation (1) we have

a; = (ay = am) ~N(0,051)

Bj = (BrBm) ~N(O, 6/?1)

T = (11 Ty z) ~N(0,021)
V=1 ¥m2) ~N(O, U;gl)
= "'sz) "‘N(O U )
Cp=(Cy 2) ~N(0, JCZI)
Sq=1(s1"s m2) ~N(0,021)

€ij(kipq) = (€17 ems) ~N(0,0°I)
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Hence the variance of response value ( Y;j,p,q)) IS

Var(Yijiip,q)) =
02+ o?
04,04,0%,07,0¢,0%, and ¢ are called variance
components of Sudoku square design model Type I.
The derivation of the variance components of the
Sudoku square design model Type | begins by
taking the expectation of mean sum of squares of
each of the sources of variation.

05 + 0f + 0l + of + ot +

var[Yijoup,q| = EYE4] — (E[Y;]D?
E[lej] =02 + a[? + 07 + of +0¢ + 0% + 0?
+u2
72 0% | 9 "V at
] [ S S s A s A
o, mm
E|T’| = var[Tk]+ (E[Tk ])2
2 2 2 2 2 2
_ _O'a, GB O' Og g
var[Tk] —E +—+O'-[ +_+W+W+W
52 2 2
I . . I i
E[Tk ]_ e e e R e e

+ u?
B[, T -
_2 —_
=m Zk=1E[Tk 1- 4E[Y2]

E[SStreatmt]

=m4a—g‘+i+02+g”+%+ S+ S
m m T
2 2 2 2
41 9% , % 9 , 0¢c , 05 , 07 2
[m[Z +22 4+ % +m2+mz+m2+m4+“]]
E[SStreatmt] = m2 (m? — o2 + (m? — 1)c?

MSStreatmt is obtained by dividing [SStreatmt]
by degree of freedom of treatments

E[MStreatmt] = Elsstreatmt]
(m2-1)
E[MSStreatmt] = m?0? + o2 (5)
Similarly
E[MSSrow] = m?a} + o2 (6)
E[MSScol] = m?a¢ + o2 (7)
E[MSSsquare] = m?62 + o (8)
m
E[SSrowblock] = E Z m3RB,” —m*Y?
i=1
= S, m*E[RB; ] - m* E[V2]]
E|RB;’| = var(RB, ] + (E[RE,)?
2 2 2 2 2 2
= o2 +%’3+%+—VZ+%+%+—Z+M2
2 0-2 0_2
E[SSrowblock] = m*| o2 + £ + ;’2 +S+ S+
osZ2m2+ag  2m2+u2—[mé[  oalm +aff

Zm+torZml+toylZml+ol2m2+osZml+o  2m4d
+u?]

E[SSrowblock] = m3(m — 1)6Z + (m — 1)0?
Dividing the result of E[SSrowblock] by its
degree of freedom i.e (m -1) we have
E[MSSrowblock] = m302 + o* 9
Similarly,
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E[MSScolblock] = m3U/§ + 02
To obtain E[MSE]
SSerror divided by error degree of freedom

(10)

m? m?
E[SSerror] = E Z Yi,zj
i=1j=1
m
— Y m®RB, —Zm3CBJZ
j=1
_ sz—kZ
m2
2
— > m?R," — Z m2C,
p=1

N

m
= E[Y}]
=1
m
N m3E[RB] - Z m3E[CB,*]
=
S e}

LIDRINVR IR IV IR IR IR s

mZ
B[R] = ) m?E (6]
p=1

- Z m2E[5;2] + 5m* E[72]
q=1
We obtain the expectation of the each of the squares
in the SSerror of model |

_ 2
E|RB;’| = var[RB, | + (E[RB))? = 0% + L +

2 2 2 2 2
g 0y [ 0f , 0f O 2
St S+t St+t=S+=+
m2 = m?2  m? 2 T TH

[—& - S 2
E|CB| = var[CB)] + (E[CB])? = %+ of +

2 2 2 2
O; O, g (o}
Y C S 2

m3

2 —_— —_— o2 | Of
E|Te’| = var(Te 1 + (BT 1)? = 22+ 22 + o2 +
o2 o o  o?
2+ oz o T

I R, D 1\2 o4 “[Zs’ o?
E _Rl :|=Uar[Rl]+(E[Rl]) = ;+?+W+

2 2 2
2 oJc 5 a 2
O Yoz Tz T TH

2 2 2
E[&)?] =var[c_p]+(E[c_p])2:%+%3+%+

2 2 2
[ g, a
Y 2 s 2
—2+O' +_2+_2+”

2
E[S_qz] =vaT[S_‘I]+(E[S—q])2 =%¢§+%+;—i+

2 2 2
o a o
Y 4+ ZC 452
m2 = m?2 S ' m2

+u?

we take the expectation of
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E[Y}) = 02 + 0f + 02 + o} + o¢ + a2 +°
+ u?
2 2 2 2 2
p21= % L 9B L ot L Oy L 0¢  OF 0% >
E[Y...]_— w T et Tt
Substituting the expected values of the squares into
SSerror of model |, then we have

=m*[a§ + of + 02+ of +0f + 0t + 0%+ 7]
—m4[a§+%+;—i+;—i+;—é+;—i+;—z+uz]
—m4[%‘§+0[§ +;—i+;—i+;—é+;—i+;—2+u2]

2
—m4[%‘i‘+:;’:+ a212+;—i+;j‘z+;ji+"f+u2]
B e e e R R

2 m
+u]
2
lop
m 2
0.2 o O'Z 0-2 0_2 0.2
—mAE L T g Oy 62 4 L
m m m m m m

+1]

% o . g 0k &
m P e T 00 i T

2

2 2 2 2 2
+om4[Ze 42 % Oy o0 %y
2 m m m m m m

(o)

> +u?]

E[SSerror] = [m* — 4m? — 2m + 5]o?
We divide E[SSerror] by degree of freedom of

error to obtain  E[MSerror]

_ [m*-4m2-2m+5]0?
E[MSerror] = (m-D)[(m+1)(m?-3)-2]

(m—D[(m+ 1)(m? - 3) — 2] obtained by
Subramani and Ponnuswamy ([SP09])
E[MSerror] = o2 (11)

The estimates 62,62, 65,63,6]3,65 and 62 of the

variance components 2, a3, af, 0Z,07,0¢ and
a2 are computed from the equations (5) — (10).

Variance components estimators for various effects
for Sudoku square model | are as follow

6% = MSerror (12)
62 = # (MSSrowblock — MSerror) (13)
6 = — (MSScolblock — MSerror) (14)
62 = # (MStreatmet — MSerror) (15)
6y = # (MSrow — MSerror) (16)
6t = # (MScol — MSerror) (17)
62 = # (MSsquare — MSerror) (18)

The hypothesis that we are interested in testing are
HO:Geszect =0

Testing of hypothesis about the variance
components

Hence the test statistic is of the form

P MSeffect

™ MSerror

HO is rejeCted if FO > Fdfeffect, dferror ,1-«
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Sudoku Square design model Type 11

Y @iy = Y (@11)* Ymemy) ) ~N(0, @ (a)l)
cBpcjy = €Bicay = cBImamy)' ~N(0, 625 D
Hence the variance of response value ( Y 1p,q)) 1S
Var(Yijipg) = 0¢ + 0f + 07 +
0kpy + 0% +0?

2
Oy T

aé,a,?,af,ayz(a),af(ﬁ),asz, and o2 are called
variance components of Sudoku square design
Model Type Il. The derivation of the variance
components 2,04 ,07, o and their respective
estimates have been carried out in model Type | and
are the same with through the four models.

To derive the expectation of SSrowwithinRb
E[SSrowwithinRb]

=F lz mle(l) Zm
Z‘m Rl(l) Zm RB

E[Rz(l)] = var[Rl(l)] + (E[R»])?
2

o + —B +

E|RB; ] = var RBl] + (E[RB,])?

2 2 2 2 2 2
9¢c(B)
m2

0 o.
2 B T
Oq +E+—2+

E[SSrowwithinRb]

Oy (a)
m2

+

2
O'B 0'2

—m O'a+z+ +G(a)

ocf2m2+os2m2+o 2m3+u2

(m* —m?)a’ ) + (m? —m)o

=m(m — 1)[m(m + 1)o? vt O 2]
The above result E[SSrowwithinRb] is divided by
the degree of freedom which is m(m — 1)

E[MSSrowwithinRb]
m(m — 1)[m(m +1)02 ORI ]
m(m — 1)
=m(m + 1)o? vt a? (19)
Similarly, the
E[SScolwithinch] = m(m + 1)‘74:2(;3) + 0%  (20)

To obtain E[MSerror] for model Type Il, we take
the expectation of SSerror divided by error degree
of freedom. The same procedures is followed as in
model type I.
Variance components estimators for various effects
for Sudoku square model 11 are as follow

2 = MSerror

111

1
62 = — (MSSrowblock — MSerror)

1
6,% =3 (MSScolblock — MSerror)

1
6% = — (MS treatmet — MSerror)

5],(“) m(m+1) ———— (MSSrowwithinRb — MSerror)
(21)

662(3) m(m+1) ———— (MSScolwithinCb — MSerror)
(22)

~2 _

1
05 =3 (MSsquare — MSerror)
The hypothesis that we are interested in testing are

Hy: Geszect =0

Testing of hypothesis about the variance
components
Hence the test statistic is of the form
_ MSeffect
™ MSerror

HO is rejected if FO > Fdfeffect, dferror,1-«

Sudoku Square design model Type 111

s(@qa) = @11y S @memy ) ~N(0, 05D
T(B)rjy = @B 1(1) = TB)m(m) )’ ~N(0, 0251

Hence the variance of response value ( Y;j,1,p,q)) IS
Var(yij(k,l,p,q,r)) =
I5@) +0n(p) +0°

aé,ag,af,aﬁ,acz,asz(a),073(3) and o¢? are called
variance  components of Sudoku square design
model Type Ill. To derive the expectation of

SShwrowblock
E[SShwrowblock]

m m
— 2352
=E sz Sa(®

i=1qg=1

m
_ Z m3RB;?
i=1

0& + op + o+ ol + ol +

i=1q=1 i=1
Note
E[n(B)] = E[5,)] =
[El550)] = var[Sqw] + (El5,)D?
2 2 2 2
15 G o.
_ 2 B T Y n(B)
—O'a'l'ﬁ'l'm'l'm'l' +Js(a)+
0.2
+— +u?

E [RB*| = var(RB] + (E[RB,])*
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2
r(B)
mZ

2
Os(a)
mZ

+

4 2
—m-’ |Oo
[ ¢ m?

= (m* —m?)0Z,) + (M? —m) o?
=m(m — D[m(m + 1oy + 7]
The above result E[SShwrowblock] is divided by
the degree of freedom which is m(m — 1)
E[MSShwrowblock]

m(m — D[m(m + Doy + 7]
B m(m—1)
= m(m + 1)0'52(0[) + O'2
Similarly, the
E[MSSvwcolblock] = m(m + 1)07?(5) + 0% (24)
To obtain E[MSerror] for model Type Ill, we take
the expectation of SSerror for model 111 divided by
error degree of freedom of model 11l
E[MSerror] = o2 (25)
The estimates G,y and 65, of the variance
components o5,y and o, Wwhich are computed

from their respective expectation (23-24) above.
Variance components estimators for various effects
for Sudoku square model 111 are as follow

62 = MSerror

1
3 (MSSrowblock — MSerror)

(23)

52 =

1
65 =3 (MSScolblock — MSerror)

62 = % (MSStreatmet — MSerror)

6; = % (MSSrow — MSerror)

6% = %(MSSCOZ — MSerror)

652(a) = ﬁ (MSShwrowblock — MSerror)
(26)

65m = ﬁ (MSSvwrowblock — MSerror)
27)
The hypothesis that we are interested in testing are
H,: 0?2 =0
0:Yeffect
Testing  of
components.

hypothesis about the variance

112

Hence the test statistic is of the form
_ MSeffect

__ MSerror
HO IS rejected if FO > Fdfeffect, dferror,1-x

0

Sudoku square design model Type IV
The estimates 62,62, 6[3, G2, 6y2(a), 6303)
85 m of  the  variance
0%,0%,04,0%, 00y Ocpy Onay aNd 03¢y and all
have been derived in the previous models above,
what we need to do is to substitute their respective
variance components into model IV.

This vyields the unique solution of variance
components for the Sudoku square design model
Type IV.

Variance components estimators for various effects
for Sudoku square model 1V are as follow

6% = MSerror

6% and
components

62 = % (MSSrowblock — MSerror)
65 = % (MSScolblock — MSerror)
62 = % (MSStreatmet — MSerror)
6y = ) (MSSrowwithinRb
— MSerror)
63([3) = m (MSScolwithinCb — MSerror)
352(05) = mm+1) (MSShwrowblock — MSerror)

~2 _
G5(m) = m (MSSvwrowblock — MSerror)

The hypothesis that we are interested in testing are
HO:Geszect =0

Testing of hypothesis about the variance
components.

Hence the test statistic is of the form

Fo— MSeffect

™ MSerror

Hy is rejected if FO > Fdfeffect, dferror,1-x
5. CONCLUSION

In this paper, the derivation of variance components
for the Sudoku Square design models presented by
Subramani and Ponnuswamy ([SP09]) have been
carried out using ANOVA method and the variance
component estimators for the various effects for the
four models were obtained as well test of
significants were given.
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