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ABSTRACT: Tuberculosis has persisted over the years as 

a significant contributor to mortality and morbidity counts 

globally and in particular, Nigeria. This study formulated 

a continuous-time Markov process model for TB 

dynamics with the introduction of vaccination impact in 

the susceptible and exposed classes. Using the Gillespie’s 

algorithm, we obtained stochastic realizations of the 

disease behavior using the Kolmogorov equations. 

Sensitivity analysis on impact of key parameters showed 

that intervention effort at 50% - 85% effectively reduced 

TB incidence despite reinfection of recovered individuals. 

KEYWORDS: Continuous-Time Markov Chain, 

exogenous re-infection, Kolmogorov forward equations, 

Stochastic Simulation, Tuberculosis, Vaccination. 

 

1. INTRODUCTION 

 

Global rates of mortality have “Tuberculosis (TB)” 

to thank for its high values with almost one-third of 

the world’s population infected ([ZA16]), a record 

9.6 million new cases yearly and 1.8 million TB 

induced deaths ([ÉSK17]) and lots of attendant cure-

limiting complications when treatment is either not 

given promptly or defaulted ([ZA16]). 

Tuberculosis mainly can be either active or latent 

TB. Only about 10% - 15% of primary infections 

become active except with weak immune system, 

comorbidity or reinfection that raises the risk of 

progression. Latent TB, that is inactive in the body 

or showing no symptoms nor being transmissible, 

can last for decades ([SA18]). 

Early discovery, conferment of permanent 

immunity and exogenous reinfection are prominent 

drivers of the disease continuity. Over the years, 

the government had made concerted efforts towards 

combating TB depending largely on voluntary case 

notification but this has been hampered as detection 

rate is still limited to 2 out of every 10 infections. 

The aim of this paper is to see how screening and 

vaccination of susceptible as well as latently 

infected individuals can mitigate current incidence 

rates in Nigeria in the presence of exogenous re-

infection using data from the South-West 

geopolitical zone. 

 

2. REVIEW OF RELATED LITERATURE 

 

The past decade has witnessed a lot of contributions 

related to Tuberculosis modeling ranging from its 

dynamics to measures of control. ([T+16]) 

conducted a historical research on Tuberculosis 

assessing the current prevalence level while 

([OCA08]) conducted a mathematical analysis of co-

infection of HIV/AIDS and TB with intervention. 

([JC09]) explored the advantages and disadvantages 

of homogeneous and heterogeneous mixing models 

in the transmission of tuberculosis, ([MDO16]) 

explored the stochastic differential equations 

methodology in modeling TB with and without 

stochasticity, from which similar trend was 

observed. The list cannot be exhausted, excellent 

reviews of mathematical and stochastic models of 

TB are found in ([CS04]). On vaccination, treatment 

or both, as control strategies for TB dynamics, the 

works of ([CF97], [All03], [All08], [Ade07], 

[Ade08]) are of great relevance. 

 

3.  METHODOLOGY 

 

We consider the population growth dynamics of TB 

as a homogenous multivariate continuous-time 

stochastic birth-death process. The process {X(t): t} 

is a Markov process i.e. for any range 𝑡1 < 𝑡2 <
⋯ < 𝑡𝑛, the conversion number from one state to 

another only depends on (𝑡, 𝑡 + ∆𝑡). We look at the 

TB dynamics with five (5) states:  

 infants born with “passive immunity, M”,  

 those who are “susceptible, S”,  

 those with “latent infection, E”,  

 the “infectious persons, I”,  

 and those who are “removed or recovered, R”.  

Those with passive immunity at birth but which 

wanes over time, also there is the possibility of 

being re-infected after treatment then moving into 

the latent state. We incorporate treatment of the 

susceptible and latently infected populations. 

Model formulation: 

The continuous-time Markov model we formulated 

assumes that the heterogeneous population can be 
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grouped into compartments following their disease 

state per time. Also, the change in population size 

with time is probabilistic with natural birth as the 

means of entry and death either natural or TB related 

are the only means of exit. A fraction of neonates is 

given BCG at birth those who miss this enter in as 

susceptible infants and interaction within the 

population is homogenous. We further assume a 

constant birth and natural death rate. 

The jump intensities are a represented below: 

 entry into the Passively-immuned class, M, 

at rate 𝑃𝜋 

 entry into the Susceptible class, S, at a rate 

(1 − 𝑃)𝜋  

 Linear migration:  

i. From passively immuned class to 

Susceptible class ( 1 to 2)    𝐾12𝑋1,  𝐾12 = 𝑦 

ii. From susceptible to exposed class ( 2 to 3) 

at rate   𝐾23𝑋1  where  𝐾23 =  𝛽
𝐼

𝑁
∆𝑡 

iii. From detected exposed (or Susceptible) to 

removed/treated via vaccination at rate 

  𝐾35𝑋3,   𝐾35 = 𝛿𝑔 

iv. From Exposed to Infectious class (3 to 4) at 

rate   𝐾34𝑋3 where 𝐾34 = 𝐾 + 𝑝𝛽
𝐼

𝑁
 , p = proportion 

of those with a new TB infection 

v. From Infectious to Removed/Treated class 

at rate 𝐾45𝑋4, 𝐾45 = 𝑟 

vi. From treated/removed class to exposed class 

 𝐾53𝑋5  where  𝐾53 =  𝜎𝛽
𝐼

𝑁
 

 Linear  death in all compartments at rates 

 𝜇𝑖𝑋𝑖    ,   𝑖 = 1,2,3,4,5 

 
Table 1: Parameters and variables of the model with 

passive immune and exogenous reinfection 

Variables Description 

M(t)  Size of immunized infants at time t 

S(t)  Count of susceptible persons at time t 

E(t)  the count of latently infected individuals 

TB at time t 

I(t)  the size of infectious individuals at time t 

R(t) the size of recovered individuals at time t 

β the effective TB transmission rate 

π the recruitment rate 

g vaccination parameter 

P proportion of new births that have been 

immunized through vaccination 

y the rate of expiration of vaccine efficacy 

r Recovery rate of infectious TB  

μ natural death rate 

γ, σ proportion with exogenous re-infection 

μT mortality rate due to TB 

k the rate of infectivity 

 

For this model, the Kolmogorov equations thus will 

be obtained as the probability of an event taking 

place given the transition rates above which may be 

written as shown below. 

 
𝑃𝑥1𝑥2𝑥3𝑥4𝑥5

(𝑡 + ∆𝑡)  =     

     𝑃𝑥1−1,𝑥2,𝑥3,𝑥4𝑥5
(𝑡) 𝑃𝜋∆𝑡

+    𝑃𝑥1+1,𝑥2,𝑥3,𝑥4,𝑥5
(𝑡) 𝜇(𝑥1 + 1)∆𝑡 

+ 𝑃𝑥1+1,𝑥2−1,𝑥3,𝑥4𝑥5
(𝑡) 𝐾12(𝑥1 + 1)∆𝑡

+  𝑃𝑥1,𝑥2−1,𝑥3𝑥4,𝑥5
(𝑡) (1 − 𝑃)𝜋∆𝑡 

+   𝑃𝑥1,𝑥2+1,𝑥3,𝑥4,𝑥5
(𝑡) 𝜇(𝑥2 + 1)∆𝑡

+  𝑃𝑥1,𝑥2+1,𝑥3−1,𝑥4𝑥5
(𝑡) 𝐾23(𝑥2

+ 1)∆𝑡 

+  𝑃𝑥1,𝑥2+1,𝑥3,𝑥4𝑥5−1,(𝑡) 𝐾25(𝑥2 + 1)∆𝑡

+    𝑃𝑥1,𝑥2,𝑥3+1𝑥4,𝑥5−1(𝑡) 𝐾35(𝑥3

+ 1)∆𝑡 

+  𝑃𝑥1,𝑥2,𝑥3+1,𝑥4𝑥5
(𝑡) 𝜇(𝑥3 + 1)∆𝑡

+    𝑃𝑥1,𝑥2,𝑥3+1,𝑥4−1,𝑥5
(𝑡) 𝐾34(𝑥3

+ 1)∆𝑡 

+  𝑃𝑥1,𝑥2,𝑥3,𝑥4+1𝑥5
(𝑡) (𝜇𝑇 + 𝜇)(𝑥4 + 1)∆𝑡

+ 𝑃𝑥1,𝑥2,𝑥3,𝑥4+1,𝑥5−1(𝑡) 𝐾45(𝑥4

+ 1)∆𝑡 

+  𝑃𝑥1+1,𝑥2,𝑥3−1,𝑥4𝑥5+1(𝑡) 𝐾53(𝑥5 + 1)∆𝑡

+  𝑃𝑥1,𝑥2,𝑥3,𝑥4𝑥5+1(𝑡) 𝜇(𝑥5 + 1)∆𝑡 

+  𝑃𝑥1,𝑥2,𝑥3,𝑥4𝑥5
(𝑡)(1 − 𝑃𝜋 − (1 − 𝑃)𝜋

− (𝜇 + 𝐾12)(𝑥1 + 1)
− (𝜇 + 𝐾23 + 𝐾25)(𝑥2 + 1) 

− (𝜇 + 𝐾34 + 𝐾35)(𝑥3 + 1) − (𝜇 + 𝜇𝑇 + 𝐾45)(𝑥4 +
1) − (𝜇 + 𝐾53)(𝑥5 + 1) + 𝑜(∆𝑡))   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(1) 

 

Thus, the Kolmogorov forward equation for the TB 

dynamics is: 

 
𝜕𝑃𝑥1𝑥2𝑥3𝑥4𝑥5

(𝑡)

𝜕𝑡
 =     𝑃𝑥1−1,𝑥2,𝑥3,𝑥4𝑥5

(𝑡) 𝑃𝜋

+  𝑃𝑥1+1,𝑥2,𝑥3,𝑥4,𝑥5
(𝑡) 𝜇(𝑥1 + 1)∆𝑡 

+ 𝑃𝑥1+1,𝑥2−1,𝑥3,𝑥4𝑥5
(𝑡) 𝐾12(𝑥1 + 1)

+  𝑃𝑥1,𝑥2−1,𝑥3𝑥4,𝑥5
(𝑡) (1 − 𝑃)𝜋 

+   𝑃𝑥1,𝑥2+1,𝑥3,𝑥4,𝑥5
(𝑡) 𝜇(𝑥2 + 1)

+  𝑃𝑥1,𝑥2+1,𝑥3−1,𝑥4𝑥5
(𝑡) 𝐾23(𝑥2 + 1) 

+  𝑃𝑥1,𝑥2+1,𝑥3,𝑥4𝑥5−1,(𝑡) 𝐾25(𝑥2 + 1)

+    𝑃𝑥1,𝑥2,𝑥3+1𝑥4,𝑥5−1(𝑡) 𝐾35(𝑥3

+ 1) 

+  𝑃𝑥1,𝑥2,𝑥3+1,𝑥4𝑥5
(𝑡) 𝜇(𝑥3 + 1)

+    𝑃𝑥1,𝑥2,𝑥3+1,𝑥4−1,𝑥5
(𝑡) 𝐾34(𝑥3

+ 1) 

+  𝑃𝑥1,𝑥2,𝑥3,𝑥4+1𝑥5
(𝑡) (𝜇𝑇 + 𝜇)(𝑥4 + 1)

+ 𝑃𝑥1,𝑥2,𝑥3,𝑥4+1,𝑥5−1(𝑡) 𝐾45(𝑥4 + 1) 

+  𝑃𝑥1+1,𝑥2,𝑥3−1,𝑥4𝑥5+1(𝑡) 𝐾53(𝑥5 + 1)

+  𝑃𝑥1,𝑥2,𝑥3,𝑥4𝑥5+1(𝑡) 𝜇(𝑥5 + 1) 

− 𝑃𝑥1,𝑥2,𝑥3,𝑥4𝑥5
(𝑡)(𝑃𝜋 + (1 − 𝑃)𝜋

+ (𝜇 + 𝐾12)(𝑥1 + 1)
+ (𝜇 + 𝐾23 + 𝐾25)(𝑥2 + 1) 

+ (𝜇 + 𝐾34 + 𝐾35)(𝑥3 + 1) + (𝜇 + 𝜇𝑇 + 𝐾45)(𝑥4 +
1) + (𝜇 + 𝐾53)(𝑥5 + 1))   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(2) 
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The partial differential equations (p.d.e) which 

satisfies the generating functions was obtained using 

the “Random Variable technique” developed by 

([Bai64]) defined as: 

 
𝜕𝐺

𝜕𝑡

=  ∑ (𝑆1
𝑖𝑆2

𝑗
𝑆3

𝑘 … 𝑆5
𝑙

𝑖𝑗𝑘…𝑙

− 1) 𝑓𝑖𝑗𝑘…𝑙 (𝑆1

𝜕

𝜕𝑆1

, 𝑆2

𝜕

𝜕𝑆2

, 𝑆3

𝜕

𝜕𝑆3

, … , 𝑆8

𝜕

𝜕𝑆5

) 

𝐺(𝑆1, 𝑆2, 𝑆3, … 𝑆5, 𝑡)      

 

 

 

 

 

 

(3) 
𝜕𝑀

𝜕𝑡
=  ∑ (𝑒𝑖𝜃1+𝑗𝜃2+𝑘𝜃3+⋯+𝑙𝜃5

𝑖𝑗𝑘…𝑙

− 1)𝑓𝑖𝑗𝑘𝑙 (
𝜕

𝜕𝜃1

,
𝜕

𝜕𝜃2

,
𝜕

𝜕𝜃3

, …
𝜕

𝜕𝜃5

) 

𝑀(𝜃1, 𝜃2,  𝜃3,  … 𝜃5, 𝑡) 

 

 

 

 

(4) 

 

Thus, we obtain the partial differential equation 

Probability generating function as 

 
𝜕𝐺

𝜕𝑡
 =   (𝑆1 − 1)𝑃𝜋𝐺 + (1 − 𝑆1)𝜇1

𝜕𝐺

𝜕𝑆1
 +

(𝑆2−𝑆1)𝐾12
𝜕𝐺

𝜕𝑆1
+  (𝑆2 − 1)(1 − 𝑃)𝜋𝐺 +

(1 − 𝑆2)𝜇2
𝜕𝐺

𝜕𝑆2
+ (𝑆5−𝑆2)𝐾25

𝜕𝐺

𝜕𝑆2
+

(𝑆3−𝑆2)𝐾23
𝜕𝐺

𝜕𝑆2
  +  (1 − 𝑆3)𝜇3

𝜕𝐺

𝜕𝑆3
 +

  (𝑆5−𝑆3)𝐾35
𝜕𝐺

𝜕𝑆3
+ (𝑆4−𝑆3)𝐾34

𝜕𝐺

𝜕𝑆3
 +  (1 −

𝑆4)𝜇4
𝜕𝐺

𝜕𝑆4
  +   (𝑆5−𝑆4)𝐾45

𝜕𝑃

𝜕𝑆4
  +  (1 − 𝑆5)𝜇5

𝜕𝑃

𝜕𝑆5
   +

(𝑆3−𝑆5)𝐾53
𝜕𝑃

𝜕𝑆5
       

 

 

 

 

 

 

 

 

 

 

(5) 

    

And the partial differential equation Moment 

Generating Function as: 

 
𝜕𝑀

𝜕𝑡
  =   (𝑒𝜃1 − 1)𝑃𝜋 + (𝑒−𝜃1 − 1)𝜇1

𝜕𝑀

𝜕𝜃1
+

(𝑒  𝜃2−𝜃1 − 1)𝐾12
𝜕𝑀

𝜕𝜃1
+ (𝑒𝜃2 − 1)(1 − 𝑃)𝜋 +

(𝑒−𝜃2 − 1)𝜇2
𝜕𝑀

𝜕𝜃2
 + (𝑒  𝜃5−𝜃2 − 1)𝐾25

𝜕𝑀

𝜕𝜃2
+

(𝑒  𝜃3−𝜃2 − 1)𝐾23
𝜕𝑀

𝜕𝜃2
 + (𝑒−𝜃3 − 1)𝜇3

𝜕𝑀

𝜕𝜃3
 +

(𝑒  𝜃4−𝜃3 − 1)𝐾34
𝜕𝑀

𝜕𝜃3
+ (𝑒  𝜃5−𝜃3 − 1)𝐾35

𝜕𝑀

𝜕𝜃3
+

 (𝑒−𝜃4 − 1)𝜇4
𝜕𝑀

𝜕𝜃4
 + (𝑒  𝜃5−𝜃4 − 1)𝐾45

𝜕𝑀

𝜕𝜃4
+

 (𝑒−𝜃5 − 1)𝜇5
𝜕𝑀

𝜕𝜃5
    + (𝑒  𝜃3−𝜃5 − 1)𝐾53

𝜕𝑀

𝜕𝜃5
                    

(6) 

 

From (11) above the partial differential equation for 

the Cumulant Generating Function   

 
𝜕𝐾  

𝜕𝑡
  = [(𝑒𝜃1 − 1)𝑃𝜋 + (𝑒−𝜃1 − 1)𝜇1

𝜕𝐾

𝜕𝜃1
+

(𝑒  𝜃2−𝜃1 − 1)𝐾12]
𝜕𝐾

𝜕𝜃1
+ (𝑒𝜃2 − 1)(1 − 𝑃)𝜋 +

[(𝑒−𝜃2 − 1)𝜇2 +  (𝑒  𝜃3−𝜃2 − 1)𝐾23 + (𝑒  𝜃5−𝜃2 −

1)𝐾25]
𝜕𝐾

𝜕𝜃2
+ [ (𝑒−𝜃3 − 1)𝜇3  + (𝑒  𝜃4−𝜃3 − 1)𝐾34 +

(𝑒  𝜃5−𝜃3 − 1)𝐾35]
𝜕𝐾

𝜕𝜃3
 + [(𝑒−𝜃4 − 1)𝜇4 +

 

 

 

 

 

 

 
 

(𝑒  𝜃5−𝜃4 − 1)𝐾45]
𝜕𝐾

𝜕𝜃4
+ [(𝑒−𝜃5 − 1)𝜇5 +

(𝑒  𝜃3−𝜃5 − 1)𝐾53]
𝜕𝐾

𝜕𝜃5
               

 

 

(7) 

 

The initial conditions are as stated below:    

 

𝑋𝑖(0) =  𝑁𝑖(0)               𝑖 = 1,2,3,4,5 
 

Table 2: Parameters of the model with passive 

immunity, exogenous reinfection and vaccination 

Variables Values Source 

β 0.0290 Jung et al. (2002) 

π 50 Assumed 

r 0.05 Bhunu (2012) 

g 0 to 1 Assumed 

σ 0.07 Assumed 

y 0.2 Bhunu (2012) 

γ 0.3 Assumed 

μ 0.02 Estimated 

k 0.3 Assumed 

μT 0.03 Bhunu (2012) 

ρ 0.1 Bhunu (2012) 

 

4. RESULT AND DISCUSSION 

 

We carried out simulations for the formulated model 

using data on TB incidence counts obtained from the 

National Centre for Tuberculosis and Leprosy 

control, Abuja for 2012-2017 for South-west Nigeria. 

Simulations are performed using parameter values 

shown in the tables 2 to generate the sample paths of 

the model using the Stochastic Simulation Algorithm 

via the “adaptivetavu” package in R. The graphical 

simulation results for the model with passive 

immunity, exogenous re-infection and vaccination 

impact are as shown in the figures (1)-(11). 

Figure (1)-(5) below shows the disease dynamics of 

the Passively immuned infants, the Susceptible, 

Latently Infected, Infectious and Recovered / 

Removed individuals respectively at the initial values 

stated in Table (2) above without vaccination impact. 

From figure (1), we observe that the population of 

passively immuned infants decreases exponentially 

and later stabilizes later on this is due largely to the 

waning of immunity in the infants. Figure (2) shows 

the behavior of the susceptible individuals. The 

incidence counts of the susceptible population rises 

steadily up to the 5th year then begins to steadily 

decline largely due to TB transmission and movement 

of infected susceptible individuals into the Latently 

Infected population. Figure (3) shows the Exposed or 

Latently Infected population declining fast up to the 

10th year. From figure (4), incidence in the infectious 

population rises and peaks around the 7th or 8th year, 

then steadily declines as time progresses. The rise 

could be as a result of influx from the latently infected 

population driven by exogenous re-infection while 
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figure (5) shows the recovered or removed 

population.  

Figures (6)-(9) shows the effect of varying levels of 

vaccination intervention on the TB dynamics in the 

presence of exogenous re-infection. Figure (6) 

shows the effect on the susceptible population. At 

25%, the incidence of susceptible persons drops fast 

around the 10th year and then becomes stable. A 

greater level of change is observed at 50% to 85% 

level of vaccination coverage. Literature suggest that 

the chances of moving into the active infectious 

class is higher between the 2nd to the 5th year of 

infection especially in the presence of exogenous re-

infection. At about 75-85% vaccination compliance, 

the number of persons susceptible to infection is 

greatly reduced especially within this critical period. 

The disease spread will be greatly curbed given the 

impact of the intervention on the availability of 

susceptible persons. 

Figure (7) shows the intervention impact on the 

latently infected population. These show a faster 

decline in the counts of latently infected in 

comparison to the dynamics in figure (3) largely due 

to the intervention effort introduced into both the 

susceptible and Latently Infected groups. Ample 

time that would have allowed the disease spread 

faster if left unchecked, is redeemed and the disease 

spread kept in check at least to a minimal level. 

Figure (8) shows the intervention impact from 25% - 

85% on the actively infectious population in the 

presence of exogenous re-infection. The peak level 

drops from about 1300(‘000) in figure (4) to below 

900 (‘000) at 25% intervention compliance around 

the 5th – 6th year; at 50% - 85% intervention impact, 

the peak drops further to below 600 (‘000) at earlier 

period around the 2nd year of infection. This is 

attributive to the intervention efforts on the 

susceptible and latently infected population. The 

count of those infected continues to decline 

exponentially till it reaches a stable point as time 

progresses. It was observed from figure (9) that the 

population of recovered or removed individuals 

increase exponentially at 25% intervention level and 

peaks around the 10th year. At 50% - 85% vaccination 

compliance, we observe a sharp increase and the 

recovery rate peaks early around the 2nd year. 

From figure (10)-(11), we observe the behavior of the 

latently infected and the infectious individuals at 

various re-infection levels when the vaccination 

impact level is at 50%. At the given level of 

intervention exogenous re-infection at 7% - 25% 

causes the latently infected individuals, which 

declines sharply, to move faster into the active class 

as seen in figure (10). There is slight variance among 

the infectious individuals, figure (11), at the various 

level of re-infection largely because the exposed 

individuals move faster into the infectious group. 

 
Figure 1: Plot showing sample path for Passively-

immuned population (‘000) 

 
Figure 2: Plot showing sample path for Susceptible 

population (‘000) 

 
Figure 3: Plot showing sample path for Exposed 

population (‘000) 

 
Figure 4: Plot showing sample path for Infectious 

population (‘000) 
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Figure 5: Plot showing sample path for 

Recovered/Removed population (‘000) 

 
Figure 6: Plot showing sample path for Susceptible 

population at varying levels of vaccination (‘000) 

 
Figure 7: Plot showing sample path for Exposed 

population at varying levels of vaccination (‘000) 

 
Figure 8: Plot showing sample path for Infectious 

population at varying levels of vaccination (‘000) 

 

 
Figure 9: Plot showing sample path for 

Removed/Recovered population at varying levels of 

vaccination (‘000) 

 
Figure 10: Plot showing sample path for Exposed 

population at varying levels of re-infection after 

treatment (‘000) when g = 0.5 

 
Figure 11: Plot showing sample path for infectious 

population at varying levels of re-infection after 

treatment (‘000) when g = 0.5 

 

CONCLUSION 

 

In this study, a continuous-time Markov chain model 

was proposed and analyzed to study the dynamics of 

TB model in the presence of exogenous re-infection 

and vaccination intervention. The Kolmogorov 

equations were obtained and simulated using the 

stochastic simulation algorithm. A numerical study 

of the model was also conducted to see the impact of 

key parameters on the spread of TB. It is observed 

that intervention effort at 50% - 85% in the 
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susceptible and exposed status classes is effective in 

reducing the scourge of TB spread early in its cycle. 

Furthermore, the intervention even at 50% will 

mitigate the impact of TB re-infection whether after 

treatment or as a second strain infection of exposed 

individuals. 
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