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ABSTRACT: This paper examines mathematical analysis of the Euler-Bernoulli beam with damping coefficient subjected
to moving load was investigated in this project work. The governing partial differential equation of order four was
transformed to an ordinary differential equation using a series method. The numerical result was presented and it is found
that the dynamic response of the beam increases as the length of the load increases, the same result was also found for the
length of the beam and the mass of the load, but the dynamic response of the beam decreases as the length of the load
increases.
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1. INTRODUCTION
Beams are fundamental models for the structural elements of many engineering applications. Abrate ([Abr95])
analyses the free vibration of non-uniform beams with the initial and boundary conditions. Byoung ([Byo02])
studied free vibration of tapered Beams with general boundary conditions. De Rosa et. al. ([DA96]) studied the
dynamic behavior of beams with a linearly varying cross-section. In this method, the equation of motion is
solved in terms of Bessel functions. There are numerous studies on the vibration analysis of a beam resting on a
winkler foundation. Maheshwari et al. ([MKB04]), used finite difference method for the solution of governing
partial differential equations. Auciello and De Rosa ([AD04]) used the differential quadrature method (DQM)
and the integral variational formulation Rayleigh-Ritz method for the dynamic analysis of a foundation beam on
a two-parameter elastic soil in the presence of sub-tangential follower force. Ruta ([Rut05]), applied the
Chebyshev series approximation to solve the problem of a non-prismatic Timoshenko beam resting on a twoparameter elastic foundation. De Rosa and Lippiello ([DL09]) studied the Natural vibration frequencies of
Tapered beams by using the Euler-Bernoulli beam theory in the presence of an arbitrary number of rotationally,
axially elastically flexible constraints. In this method, the dynamic analysis is performed using the cell
discretization method (CDM), in which the beam is reduced to a set of rigid bars, linked together by elastic
sections, where the bending stiffness and the distributed mass of the bars are concentrated. Mohan ([Moh12])
observed that the dynamic analysis of beam structure with moving load is a fundamental problem in structural
dynamics in comparison to others. Michaltsos and Kounadis ([MK01]), in their work, the linear dynamic
response of Simply Supported beam under a moving load or mass of constant magnitude and velocity including
the effect of the centripetal and Corioles forces, which are always neglected. The individual and coupling effect
of these forces in connection with the magnitude of the velocity of the moving load is fully discussed using a
series method based on an author's older publication. An exact and direct modeling technique is formulated in
the work of Mohan ([Moh12]). Lu ([Lu03]) presented a closed-form deflection response of a beam using an
integral transform method (ITM). He represented the deflection of a beam subjected to a moving harmonic
linear load in integral form and solved it using inverse Fourier Transform. Maheshwari et al. ([MCB04]) used
the Numerical Method for the solution of governing differential equations of the problem, investigating the
response of a moving load on an infinite beam resting on a winkler foundation. The investigation into the
dynamic response of the Euler-Bernoulli beam resting on a Winkler foundation under the action of uniform
partially distributed moving load was presented by Usman ([Usm03]). The analytical-numerical method was
used to solve the governing equation. It was observed from the result that the damping coefficient increases with
an increase in resultant solution at a constant length of the beam. Also by using differential transform method,
Agboola and Gbadeyan ([AG13]) carried out a study on the analysis of free vibration of a prismatic EulerBernoulli beam under various supporting conditions. Some numerical examples were presented to demonstrate
the efficiency and reliability of the method. The results obtained were in good agreement with the results in
available literature using different approaches.
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Ayaz ([Aya03]) studied two and three-dimensional differential equation of the initial value problem for partial
differential equations. Arıkoglu and Ozkol ([AO05]) extended the differential transform method (DTM) to solve
the integrodifferential equations.
2. MATHEMATICAL FORMULATION
Consider a non-prismatic Euler-Bernoulli beam of length L resting on a Winkler foundation and transverse by
uniform partially distributed moving load. The resulting vibrational behavior of this system is described by the
following partial differential equation:
(1)
where

moving load, and

is moving mass.
Method of solution
(2)
where γ (x,t) = ρδ (x − vt) moving load, and

moving mass, where

where x is the spatial coordinate, t is the time,
is the deflection of the beam, E is the Young’s modulus, I
is the moment of inertia of the beam's cross-section about the neutral axis, µA is the Mass per unit length of the
beam, the boundary conditions are:
(3)
(4)
Without loss of generality, one can consider the initial conditions of the form
(5)
3. METHOD OF SOLUTION
The method of the solution starts with the assumption that the transverse vibration of the beam may be
expressed in the following series form,
(6)
(7)
(8)
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(9)
(10)
Also,
(11)
(12)
(13)
Putting Equation (6-11) into Equation 2 above

(14)
Hence the forcing term

define in equation 2 can be expressed as;
(15)

We proceed to determine the unknown function

.

(16)
Next multiplying Eqn 15 by

and integrating the resulting expression concerning x between 0 and L.

(17)
So that we can write
(18)
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(19)
Evaluating the integral in Eqn. 19

(20)
Next, we use Eqn 20 in Eqn 18 to obtain,

(21)
Sections A to E

(22)
Substituting for

in Eqn. (22), we have,

(23)
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so that we can result in

(24)
which implies that

(25)
Let
(26)
Substituting Equation 26 into 24

(27)
3.1.

Numerical Results

The numerical method already alluded to is the central difference techniques
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(28)

(29)
4.

RESULTS AND DISCUSSION

To validate our model in the previous section, the following Beam dimension and specification were used:
Table 1: Beam Specification and Dimension

The beam was made of steel E
Length (L)
Breadth
Height
Flexural Rigidity EI
Mass of the beam (M)
Length of the mass ()
Length of the load (ξ)
Foundation Modulus K
Mass per unit length of the beam m
4.1.

2.10×1011N
2m, 6m, 10 m
0.05 m
0.15 m
2910937.5
50kg,70kg,100kg
0.1,0.3,0.5
0.1,0.2,0.3
0, 1, 2, 3, 5N/m3
7.04

Discussion

Figure 1: Shows the dynamic response of the Beam at various values of ξ. It is observed that the dynamic
response of the beam decreases as the length of the load increases.
Figure 2: Shows the dynamic response of the beam at various values. It is also observed that the dynamic
response of the beam increases as the length of the mass increases.
Figure 3: Shows the dynamic response profile for the speed of the load. It is found that the dynamic response is
the same for all values of the speed of the load.

Figure 4: Displays the dynamic response profile for the length of the beam. It is observed that the response
amplitude of the beam increases with an increase in the length of the beam.
Figure 5: Displays the dynamic response variation profile for the mass of the load. It was observed that the
dynamic response of the beam increases with an increase in the mass of the load.
Figure 6: Depicts the dynamic response profile for various values of C. It was observed that the dynamic
response of the beam is the same for all values of C.
5.

CONCLUSION

Mathematical analysis of the Euler-Bernoulli beam with damping coefficients subjected to moving load was
considered in this study. The governing equation of the governing partial differential equation was reduced to an
ordinary differential equation using the series solution. The numerical result was presented and plotted against x
for various parameters using a computer program ( MATLAB ).
From the numerical results, this study concludes that the dynamic response of the beam increases as the length
of the mass increases, the same result was also found for the length of the structure the mass of the load but the
dynamic response of the beam decreases as the length of the load increases.
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Figure 1: Dynamic response of Beam for various
values of ξ

Figure 2: Dynamic response of Beam for various
values of 

Figure 4: Dynamic response of Beam for L

Figure 3: Dynamic response of Beam for various
values of v

Figure 5: Dynamic response of Beam for various
values of M

Figure 6: Dynamic response of Beam for various
values of C
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