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REZUMAT. Lucrarea prezintd cateva aspecte, legate de
proprietdtile de corectitudine relativa si absolutd in spatiul
proceselor fuzzy. Sunt introduse doud definitii alternative ale
relatiei de rafinare a proceselor fuzzy (din punctul de vedere al
testdrii, respectiv al implementarii) si sunt demonstrate
propozitiile care demonstreaza echivalenta acestor definitii.

1 Introduction

A process can describe a device through an agreement between the device
and its environment as regarding the executions. All the executions may
appear; although some can be interdicted by the agreement. Some of the
executions are not allowed to appear, a “blame” either on the device or on
the environment being assigned.

Considering E the set of all the executions and let A:E —[0,1] and

I': E—[0,1] two fuzzy subsets of E. As follows, we note with
X ={x e E|A(x) >0}, Y = {x € E[l[(x) >0} and
B = {x € E|A(x) =T'(x) =0}

and we, respectively, use the following terminology:
X - the accessible set of executions;
Y - the acceptable set of executions;
B - the blocking set.

Moreover, we use the notation A, =A,,, ', =T,
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Figure 1: Accessible executions

Definition 1.1 The pair = =(A,,I'y), where A, and T, 'aredefined as
above, is called a fuzzy process over E.

The set of all the fuzzy processes over a pair of subsets crisp X and Y of
E, as above, is called the fuzzy space processes of (X, Y), and the set of all
the fuzzy processes over E is called the fuzzy space processes of E. m

A fuzzy process 7 =(A,,I',) represents an agreement between the
device and its environment: the device guarantees that only the executions
of X can appear, while the environment guarantees that only the executions

of Y can appear.
acceptable executions

o

Figure 2: Acceptable executions

The executions of X are called accessible, the executions of 7Y,
acceptable, and the executions of B, as we mentioned above, are called
blockings and they do not answer our purpose. A, and I, give,
respectively, the grade of accessibility and acceptability. The device can
access, respectively, accept an execution. An execution x € £ is (X, ¥)-
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completely accessible if A(x)=1 and it is (X,Y)- completely acceptable if
I'(x)=1.

From the viewpoint of the classic (crisp) theory of sets, a fuzzy process
parts the E set of all the executions in four disjunctive subsets:

)N(, )7, X MY and B, where:
X = {xe E|A(x) =0 si ['(x)>0},
Y ={xcE[(x)=0 si A(x)>0}
Obviously, XnY =0
We call the elements of X escapes and the device must avoid them.

We call the elements of ¥ rejections and the environment must avoid them.
The elements of X WY together are called violations..

blockages

.-F’/-

€scapes

\"‘"h-..___.

rejections

Figure 3: Types of executions

Theagreement stipulates that only the executions in X NY are
permitted to appear in the presence of the device. For this reason, X Y is
also called the contract set, and the executions x € X NY are also called
goals, because they are linked both for the device and for the medium. The
set X contains the executions for which the device respects the agreement
(and the environment can respect it or not); the Y set contains the executions
for which the environment respects the agreement (and the device can
respect it or not). In the set X WY we still can have executions with the
grade of acceptability or the grade of accessibility equal to zero, but not both
to zero for a given execution.
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2 The pattern correctness conditions

The property of absolute correctness in the fuzzy process space formalizes
the fact that a device operates by itself, namely the device does not inflict
any demand to the environment. In that sense, the device is called robust. In
the terms of the avoided executions, this property leads to an empty set of
refusals for the corresponding process.

The symmetric property is that the device does not offer any guarantee
to the environment. In the terms of the avoided execution, this.leads to an
empty set for the correspondent process. In this sense, the device is called
chaotic.

Definition 2.1  The fuzzy process m =(A,,l,) is called robust, while the
fuzzy process & =(1,,1,), is called chaotic. m

As follows, we denote by A and J£; the set of robust processes,
respectively, chaotic over £, (1,(x)=1,Vxe E, 0(x)=0,VxeFE).

The process 7 =(1,,1,) is the only fuzzy process that is robust and
chaotic at the same time.

Definition 2.2  The void fuzzy process, Q, is given by Q=(1,,1,) =

This process has no escapes and no refusals. Therefore, it does neither
offer any guarantees, nor inflict any restrictions to the environment. Its
behavior s similar to the vacuum.

The property of ‘relative correctness in the fuzzy process space
formalizes the fact that a p fuzzy process is a suitable substitute for a fuzzy

process 7. p should inflict less demands to the environment and offer

more guarantees than 7. In terms of the avoided execution, this means that
p has a bigger set of acceptable executions and a smaller set of accessible

executions, comparing to those corresponding to 7.

Definition 2.3  Considering two given fuzzy processes for the same set E
of executions, w=(Xy ,I'y ) and p= (A‘;{ﬂ,rﬁp), we say that the fuzzy
process 1 is refined by the fuzzy process p and we write 7w Zp if and

only if
10
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Figure 4: Refinement — accessible executions

The above condition involves that:
(X, 2X ), cY).

If the accessibility grade for an execution is smaller, the behavior of the

device is more particular, meaning the device has less freedom and reacts to
tighter restrictions.

Intuitively, the refining represents a relative notion of correctness:

7= p means that 7 may be replaced by p without producing any
undesirable results.
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Proof If m=(X ,I'y ), p= (A’;p ,Fﬁp) and p= (APXP ,F)’(’p ), then the
above properties immediately result from the definition 3.3.

For instance, to illustrate the anti-symmetry property

TEp N pET = 7wT=p
is equivalent with
(A">2NMYAT"LT?) A (X ZA)AT?LTT))
namely with
(A" =N)A (" =T"))
that is
T=p n

Proposition 2.5  Considering two fuzzy processes.w and p_over the set
of the executions E, then if
reRp si tSp > pekg
Proof. rmeRp = n=(A\ ,l;) and rnEp, pz(A‘}(p,F)‘(’p)
>N 2N)A(1,<T7)
that is
['”=1,, therefore p= (A’;p J,) © peXr =

The above proposition determines that if the robustness is considered a
predicate over the processes, than it is monotonous as to the refinement. Its
interpretation is that, if 7 is ‘“‘correct by itself” and p “at least as good” as

7, then p is, also, “correct by itself”.

Corollary 2.6 For a fuzzy process m over the set of executions E:
rTeRy & QCrx

Proof. From the definition of the refinement relation and of the void
process:
QEzr < (1, 2A)A(1, £T7)
Since 1,2 A" is trivial, we have that

QEzr © ,<I" e 1,=I" @ 7=} ;) © 7chr =

13
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Figure 6: Refinement—goal executions

The interpretation is that p is “correct by itself”, if and only if 7 is “at

least as good” as a process which is so indifferent to its medium that it can
be seen as a “vacuum”.

Definition 2.7 < Considering a' set of executions E, the fuzzy process
(0,.1,) is called top and it is denoted T, and the fuzzy process (1;,0,) is

called bottom and it is denoted L. m

Let us note that the fop fuzzy process is robust, and the bottom fuzzy
process is chaotic, for a given set of executions.

Proposition 2.8 For any fuzzy process r over the set of the executions E,
we have that:
1E 7 ET

Proof. L=(1,;0;), T=(0.1;), ”Z(A@(,,ar;”)
1, 2A20,)A(0,<T"<1,) =

14
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3 Results and conclusions

An alternative definition of refinement is to say that an "implementation" p
is correct with respect to a "specification" 7 if p operates corectly in the

environment of 7. The question arises whether this alternative definition is
equivalent to that in Definition 2.3. The following Proposition answers this
question, and, by that, connects our relative and absolute notions of
correctness.

Proposition 3.1 Considering two fuzzy processes m and p overthe set of
the executions E, then
TEp <& -w®p € Rg

Proof. Let n=(A, I ) and p=(A, T} ) (seefigure?7)
- 1®p €ERg & Fn®p=1E &
(Y_nmYp)u()N(_nm)i)u(f’_nm)N(p):E
(X, Y)Y, NY )u(X,NX,)=E

/ '
x. < Ve .
\ J »X
Y, NY
. s
Figure 7. ]

Proposition 3.1 permits us to verify whether an implementation
satisfies a specification by placing the implementation in the environment of

15
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the specification, and checking an absolute correctness condition on their
product. Such approaches were taken in [Ebe91] and further developed in
[Ver94].

Another alternative definition of refinement uses testing point of view:
p is "better than as good as" 7 if p passes all tests that 7 passes. Passing
a test 0 can be viewed as the absence of rejects when the device is coupled
with 0. Proposition 3.2 show that this testing definition of refinement is
equivalent to Definition 2.3, and thereby provides another link between the
absolute and relative notions of correctness in fuzzy process spaces.

Proposition 3.2  Considering two fuzzy processes w and p' overthe set of
the executions E,
TCp & Vo:(o®mE R > 0®p € RE)

Proof. By proposition 3.1 we have:

T®p €ERg = -oEn®
and

c®p €ERg > -0Ep
Thus, it is sufficient to prove

tEp © Voi(-cEwm = -0Ep)
By transitivity of refinement:
TEp N-0cEmwm = -0Ep

Reciprocal, let 0 =-r. That -o=r and by transitivity of refinement
= - 0C q. By hypotesis - o E p. Finally, since -6= n, we have 1= p m
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