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ABSTRACT. In this paper we study the problem of equivalence
between the languages of infix and postfix expressions ‘over a

universal algebra (A,()) of type 7, having a finite domain of

operators. Based on these results one can establish a result of
characterization for the closure operator associated‘with a universal

algebra (A,2) in terms of formallanguages.

1 Introduction

Let (4,€2) be a universal algebra of type 7, with a finite the domain of
operators, and 7(w) = 2,V € Q (that is, the arity of any operator @ € Q is
2).

Definition 1.1 The infix (postfix) expressions over the universal algebra
(A4,Q) of type.t, can be defined as follows:

1. Forevery ac A, a is an infix (postfix) expression.
2. If e‘and e, are infix (postfix) expressions, then (e,we,) (ee,w,
respectively) is an infix (postfix) expression.

oo 1 2 . . 1 2
Definition 1.2 Let e; and e; be infix expressions, and e, and e, postfix

expressions. The postfix version of a given infix expression can be defined
as follows:
1. Forevery ae A, a is a postfix version of the infix expression a.

1 . . . 1 2
2. Let e, be a postfix version of the infix expression e;, e, be a
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postfix version of the infix expression e’ , and the binary operator
1 2 . . . .
w Q. Then e,e,w is a posifix version for the infix expression
1 2
(e ce;).

Next, we will prove that every infix expression has a unique postfix version,
and that also the reversely holds.

2 The grammars of infix-like and postfix-like expressions

Let Vy, ={X,}, V; ={e}, V;, ={(,)} . Define now the grammars
G, =(Vy,V, OV, QX F)

and

Gp = Vy,V, v Q,XO,FP)
where

F ={X, > X,0X,,VoeQ}lUu{X, > e}
and

F,={X, > X Xo,VoeQtu{X, >e}.

Lemma 2.1 Let o:V, UV, UQ—> @A)V, 0Q be defined by
oe)=4, o(w)=w, VoeQ and c(p)=p, for peV,. Then the sets
o(L(G,)) and o(L(G,)) represent the sets of all infix (postfix,

respectively) expressions over the universal algebra (A,Q).

Proof: 1At follows immediately from the definition of infix (postfix)
expressions. and the definitions for the grammars G, and G,, as given

above.

3 The unambiguosity of the studied grammars

Recall that a grammar is unambiguous if every generated word possesses
exactly one leftmost derivation according to the rules of the grammar (here
we use only generative devices).

Proposition 3.1 The grammar G, is unambiguous. Consequently, the
language L(G,) is unambiguous.
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Proof: Let us define the application Op:L(G,) — N, where Op(e,)
represents the number of operators in the expression e, € L(G,).

The only expression in L(G,) with Op(e;) =0 is e, = e, and there is
a unique derivation of the expression e, according to the rules in the
grammar G, , thatis S = e, =e.

Moreover, every expression e, € L(G,) with Op(e;) =1 possesses a

unique leftmost derivation. Indeed, according to the second rule for infix
expressions generation, every infix expression with Op(e;) =1 has the form

e, =(ewe), with o, €Q, and the only leftmost derivation for the
expression e is
X, = X0, X)) = (ew, X)) = (ew,e)

Let us now presume that for every infix expression e, € L(G,) with
Op(e;) <k there is a unique leftmost derivation, and let e, € L(G,), with
Op(e;) =k +1. The first step in the derivation for e, must be § = (Sw,S).

Thus, we can decompose the expression e; as follows e, = (e,w,e,),
where e,,e, € L(G,), with Op(e,)<k and Op(e )<k. That is, the
expressions e, and e, posses unique leftmost derivations, so there exists at
least one leftmost derivation for the expression e, = (e,w,e, ),

X, = (X0, Xy) =" (qw, X)) =3 (ewe,) =¢,

Presume now that there exists another leftmost derivation for the
expression e, , for example

X, :>(X00)1X0)3* (e;a)lXo):* (ewe,)=e¢, (1)
with Op(e,) < Op(e,). Observe first that, if there exists another derivation
of the form

X, = (X,0,X) =" (q0,X,)=" (qae,)=¢, )
then w, =®,, ¢, =¢, and e, =e,. Indeed, if there exists the derivations
(1) and (2) for the infix expression e,, then there exist the infix
expressions e, , ¢,, e, and e, . Now, if @, # @, , we have either ¢, = e,w,e, ,
or e, =e,m,e,,with e. € L(G,) and e, =e.e| in the first case, and e, = ¢ e

in the second case. Obviously, because e, € L(G,), e, must begin with an
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operator @ € Q, and end with a right unmatched parenthesis. However,
because e, € L(G,), such a construction cannot exist.

Now, if there exist two different leftmost derivations of the type (1)
for the infix expression e,, then either e, possesses two different leftmost

derivations, or e, possesses two different leftmost derivations.

Observation 3.2 [fin the definition for infix expressions we use rules of the
form X, - X wX, instead of X, = (X,wX,), the grammar can easily

lose its property of being unambiguous.

Indeed, let G, be the grammar
G, =({X,} {a+}, X {X, > a, X, > X, + X))
Then the word a + a +a posses at least two leftmost derivations:
X, =X, +X,=a+X,=a+X,+X,= a+a+a

X, =2 X, + X, 2 X, +X,+X,2a+ X, +X,=> a+a+a

4 The result of equivalence

Proposition 4.1 For every-infix expression e, € L(G,), there exists at least
one postfix expression e, € L(G,), representing a posifix version of the

original infix expression.
Proof: Letus consider the matricial grammar [, pp.143], []

G, = ((Xo X0, X {e.c} VIOV Q X, F)
where
Fli=  {[X, > X eXPLIX) > e, X) —>elbu
{[X, = (X,0X{]),X] > X X]w],Vo e}
and let L,,(G/",) be the language generated by the matricial grammar G,

under leftmost restriction on derivations (see [, pp.146]).
Observe now that if e, € L(G,), there exists some words of the form

ece, in L, (G"). By considering only leftmost derivations in the
matricial grammar, we obtain that for every infix expression in L(G,) there

exist at least one postfix expression e, € L(G,) such that e,ce, belongs to
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L, (G")). Also, observe that such a leftmost derivation in G;”, corresponds

with the definition for infix versions of a postfix expression.

Proposition 4.2 The grammar G, is unambiguous. Consequently, the
language L(G ) is unambiguous.

Proof: Define the application Op:L(G,) - N, where Op(e,) represents
the number of operators in the postfix expression e, .

The only expression with Op(e,) =0 is e, =e, and it has a unique
derivation, namely X, = e.

If e, is a postfix expression with Op(e,)=1,-then there exists a
unique leftmost derivation for e,

X, = X, X 0, = eX 0, = eew, X_{0}

Let now e, be an expression with Op(e,) =k +1, and let us presume
that for every expression e;, with Op(e'p) < k', there exists a unique leftmost
derivation. The first step in the derivation for e is X, = X X o,, so we
can decompose the postfix expression ¢, as follows: e, = e e0,, where
e, €L(G,), and Op(e,)<k and Op(e,)<k, so there exist, by the
hypothesis we have made, unique leftmost derivations for e, and e, . Then
the derivation

Xy = XoXoo, =" e, X 0, = ¢,e,0,
is a leftmost derivation for-e, € L(G).

Let us presume now that there exists another leftmost derivation for
e, . Then there ean exist two different leftmost derivations of the form

Xy => X X0, = e, X0, = eem,
That is, either e, possesses two different leftmost derivations, or e,

possesses two different leftmost derivations.

Corrolary 4.3 For every word e, € L(G,) there exists exactly one word
e, € L(G,), representing the unique postfix version of the infix expression
e.
Proof: Consider again the matricial grammar G/ , and consider only
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leftmost derivations. From the Propositions 3.1 and 4.2 we easily deduce
that there exists a unique leftmost derivation for a word of the form e;we,, .

More, it follows from Proposition 4.1 that e, is a postfix version for e,, and
due to the fact that the grammars G, and G, are unambiguous we easily

deduce that it is the unique postfix version for e,.
Now we can easily deduce the following result:

Theorem 4.4 The sets L(G,) and L(G,) are isomorphic, and the
isomorphism is emphasized by o(e;) =e,, if e,ce, € L(G]")).

Consequence 4.5 The set of all the postfix expressions over the universal
algebra (A4,Q), of type T, with a finite domain of binary operators, ), is

isomorphic with the set of all the infix expressions over the universal
algebra (A,Q)), of type 7, with a finite domain of binary operators.
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