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ABSTRACT. A main result of [Sch05,Theorem 3:3, Section 3.] is
detailed using the Leech [Lee87] construction of inverse monoid of
fractions. All the examples are classic.

1 Introduction

Abstract division categories were introduced by Leech [Lee87] as a small
category C having finite pushouts, all of whose morphisms are
epimorphisms, and with a quasi initial object I (Hom(LLA)=p for any
A eO0bC). The concept of the division category was originally introduced to
help study semigroup coextensions (see [Lee75]). Mobius categories were
introduced by Leroux [Ler75]. It was created a general program to extend
the theory of Mobius functions. A Mobius category C is a decomposition
finite category (a small category having finitely many decompositions o=f3-y
for any morphism «) such that an incidence function & of the incidence
algebra of C has a convolution inverse iff £(14)#0 for all AeObC. Mobius
categories can also be characterized with inner conditions of a
decomposition finite category (see [CLL80] and [Ler75]). We call a small
category C an abstract Mobius-division category if C it is both a division
category and a Mobius category. A (abstract) Mobius-division category
(short, a MD category) C is a small category satisfying the following
conditions (see [Sch05]):
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(MD1) Every morphism of C is an epimorphism;

(MD2) C has pushouts;

(MD3) C has a quasi initia object I (i.e. Hom(I,A)#¢ for any object
AeObC);

(MD4) The identity morpfisms are indecomposable (1 ,=af=0=p=1,);

(MDS5) C is decoposition-finite (i.e. the set <a>={(B,y)e MorCxMorC|
o=y} is finite for any morphism o.e MorC.

Division categories (small categories satisfying (MD1),(MD2) and
(MD3)) and inverse monoids are equivalent structures. Each one can be
reconstructed from the other. Let S be an inverse monoid .and- C(S) the
standard division category of S, and let D be a division category with quasi
initial object I and L(D,I) the Leech inverse monoid of the pair (D,I). Then
the above constructions (see [Lee87] or [Gri95, Chapter VII, Section §])

S C(S)—— L(C(S),)) and (D,I)——>L(D,I)——>C(L(D,I))

leads to
Sz L(C(S),) ¢ and (D, 1)~ (C(L(D,I)),l),

where 1 denote the identity element of the corresponding monoid, = denote
a monoid isomorphism and ~ denote a division category equivalence (i.e. an
equivalence of categories which preserves the quasi initial objects).

A reduced standard division category Cg(S) of an inverse monoid S
relative to-an-idempotent transversal F of the D-classes of S with 1€F is a
full subcategory of C(S).and it is a division category (see [JL99]). If Sis a
combinatorial inverse monoid and the set of idempotents E(S) with the
natural partial order < on an inverse semigroup is locally finite then Cg(S) is
a Mobius category(see [Sch04a]).

So, the reduced standard division category Cg(S) of a combinatorial
inverse monoid with (E(S),<) locally finite is a special Mobius category
namely Mobius-division category. We have proved (see [Sch05],Theorem
3.3]), using the Leech constructions, that for a Mobius-division category
(D,I) the division category equivalence (D,I)~(C(L(D,I),1) is a category
isomorphism. Now, in this note we give a large description of this result
namely: up to isomorphism the only Mobius-division categories are the
reduced standard division categories of combinatorial inverse monoids.

We refer the reader to Grillet [Gri95] for all standard definitions and

results from inverse semigroup theory and division category theory.
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Equivalent variations of Mobius categories and further information on these
categories are given in [CLL80], [Ler75], [Ler80], [Ler82], [LS81],
[Sch98], [Sch03], [Sch04a], [Sch04b] and [Sch05].

2 The main result

By [Sch04a, Theorem 3.3] if S is a combinatorial inverse monoid with the
poset of idempotents (E(S),<) locally finite then a reduced standard division
category Cg(S) relative to an idempotent transversal F with 1€F, is a
Mobius-division category. Up to isomorphism, the only Mobius=division
categories are these categories (i.e. reduced standard division categories
arising from combinatorial inverse monoids)

Theorem. Every Mobius-division category C is isomorphic to a reduced
standard division category Cg(S) of a combinatorial inverse monoid S with
the poset of idempotents (E(S),<) locally finite.

Proof. Let C be an abstract Mobius-division category with [ a quasi
initial object. Put

S ={(a, B) € MorC x MorC |/\Doma = Domf = I;Codoma = Codom 3}

with the multiplication defined by

(@.p)Ac', ") = (pa,qf'),

where
1 —% 5 Codoma'
B ¢ \Lq
Codompf — o

is a pushout.
The associativity of the multiplication follows by juxtaposing pushout
diagrams. Since

I —— Codoma 1 —L 1
1; \L i/lCudnma and B \L \Lﬁ
I —— Codoma Codomf — Codompf
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are pushouts, it follows that (1,1;) is the identity element of the semigroup
S. Now, (a.,B)eS is an idempotent if and only if the diagram

1 —=>  Codoma = Codomf3
Vi \L ~L1Cud0ma

Codoma = Codomf3 R — Codoma = Codomf3

is a pushout, that is, (a,3) €S is an idempotent if and only if o=,
To show that the idempotents commute, let (a,a), (B,B)€E(S). If the
diagram

“ da
is a pushout, then

(a,0)-(B.p) = (pa.gP) =(qf,pa) = (B, p) (a.a).

To show that S'is an inverse monoid, let (a,B),(B,y),(c,y)€S. Since

1 —L 5 Codomp
B i \L 1 Codomp
COdomﬂ Tﬂ> COdOmﬂ

is a pushout, it follows that (o.,8)-(B,y)=(c.y). Thus
(a,B)-(B,a)- (&, p) = (a,) - (a, B) = (a, B)
and
(B.2)-(a, B)-(B,a) = (B, p)-(B.a) = (B,a).

Hence S is a regular monoid and its idempotents commute. Thus, S is an
inverse monoid and (o.,B)"'=(B,00).
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Now, (a1,B1), (02,p2)€S are R-related if and only if (0‘1:51)'(0(1,[31)'12
(02,B2)-(02,B2)" and they are L-related if and only if (cu,B1) " (an,Bi) =
(Otz,Bz)'l(Otz,Bz). Thus,

(@, B)R(a,, B,) < a, =, and (o, B)L(y, B,) < B, = B,

It follows that the Green relation H=R n L is the equality relation, and
therefore S is a combinatorial inverse monoid. Also, it is straightforward to
check that the natural partial order < on the set of idempotents E(S) is given
by

()< (B.p) = a=qp

for some qeMorC. Since C is decomposition-finite,.it follows. that (E(S),<)
is locally finite.

We now prove that two idempotents (a,o0),(B,B)€E(S) are D-related if
and only if Codoma=Codomp. If (a,a)D (B,) then there exists (ou;,p1)eS
such that (o,0)R(ou1,B1) and (ouy,Pr)L(P,B). Thus<o=c; and P=P;. But
Codoma,;=Codomf; and therefore.” Codoma=Codomf. Conversely, if
Codomo=Codomp, then (a,f)eS and  (a,a)R(c,B) , (a,B)L(B,P), that is

(ot,0)D(B,P).
Let
F ={(a,,ay)| Doma , = 1,Codoma, = A} ,.opc

be an idempotent transversal of the D-classes of S with (15,1;)eF. By
Theorem.«..., the reduced standard division category Cg(S) is a Mobius-
division category. The functor G:C—Cg(S) defined by

G(A) =(a,ay)
and
G(]/) = ((aCodom;/ 77/aDomy )7 (aDomy 7aDam;/ ))

is well-defined:

-1
(aCodumy > }/aDomy) (aCodom}/ 4 yaDomy) = (7aDomy 4 }/aDom}/) = (aDomy 4 CzDom;/)
and

-1
(aCodum;/ ’ yaDam;/) : (aCodam;/ ’ }/aDom;/ ) = (aCudom}/ ’ aCadomy )7

that is
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(aCodomy ,)/aDOW) € Hom(G(Domy),G(Codomy)).

Since
1 — Lt Codom B
¢}/al)umy ¢7
Codomy ————— Codomy
Codomy

is a pushout if the composition yp3 make sense, it follows
G(G(B) =
= ((aCodom;/ > Y pomy ), (aDomy > X pomy ))((aCUdomﬂ 5 lBaDomﬂ ), (aDomﬂ > Xpomp ) =
= ((acOdonzys7aDonzy) : (aCodomﬂﬂﬁaDomﬁ)’(aDomﬁ’aDomﬂ)) =
= (% cotomy » B pomp)> (Cpomp > Apomp)) =
= ((aCodom}/ﬂ’7ﬂaDom7ﬁ)’(aDomyﬁ’aDomyﬁ) =G(yp).

and obviously
G(l,) = (@ pa,) (o)) =16,

So, G is a well-defined covariant functor. It is straightforward to check that
G is an equivalence which produces a bijection between the objects of C and

Cr(S). Hence C and Cy(S) are.isomorphic categories as required. [ ]

A monoid is a category with a single object. The monoid (N*,-) is a
Mobius-division category with a single object. The diagram

is a pushout (where [m,n]=l.c.m.(m,n)). The corresponding combinatorial
inverse monoid S from the previous Theorem is the following one:
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§=N"xN (m,n)'(m',n')=([m"n]m’[m'a”'l]n')
n m

This is a bisimple (with a single D-classes) combinatorial inverse monoid
called the multiplicative analogue of the bicyclic semigroup. The reduced
standard division category of this semigroup is the Mobius-division monoid
(N*,). The incidence algebra of this Mobius category is the Dirichlet algebra
of the arithmetical functions. So, the Mobius function of the multiplicative
analogue of the bicyclic semigroup is just the classical Mobius function.

The monoid (N,+) is also a Mobius-division category. The diagram

m

° RN °
n\L \L max(m,n)—m

max(m,n)—n

is a pushout. The corresponding combinatorial inverse monoid S is given
by:

S=NxN (m,n)-(m',n")= (max(m',n) — n + m,max(m',n) —m'+n')

This is the bicyclic semigroup and its reduced standard division category is
the Mobius monoid (N,+). The incidence algebra of this Mobius category is
the Cauchy algebra of arithmetical functions. Thus the Mobius function of
the bicyclic semigroup is the following one

1 if n=0
u(n)==1if n=1
0 if n=22

Now, let C be the category given by
e ObC=N;
e Hom(m,n)={(a,b,m)|a,beN, a+b+m=n}

e m _(a,b,m)_>n_(a’7b’,n)_>p _ 1,n_(a’-%—a7 b’+b, m)_)p.
The category C is a Mobius-division category with 0 a quasi initial object.
We denote a morphism (a,b,0):0—a+b by (a,b). Then the inner square
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endy)
0 (ai’,hi) ny=a,+b,=c, +d,
e
(01-b1)| |(¢'1’d1) ‘ (max(c,,a, )—a,,max(d,,b,)—b,,n,)

a,+b =c,+d, =n

max(c,,a, )—c;,max(d, ,b,)—d,,n;)

is a pushout. The corresponding combinatorial inverse monoid is the
following

S ={(a,b,c,d)e N*|a+b=c+d}
with the multiplication

(ay,b,¢.,d,)-(ay,b,,c,,d,) =

(max(c,,a,)—c; +a;,max(d,b,) —d, + b;,max(c;,a,)=a, +c,,max(d,,b,) — b, +d,).

This is the free monogenic inverse semigroup and its reduced standard
division category is the Mobius-division category C. The Mobius function
and the Mobius inversion formula of the free monogenic inverse monoid are
given in [Sch04b].
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