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Abstract: The L2 regularization method known as ridge 

estimator had been widely used in literatures to solve the 

problem of multicollinearity. However, choosing an 

appropriate ridge parameter, k value makes this method to 

be difficult in application. This work carried out a 

simulation study to examine the performance of Bayesian, 

ridge and Ordinary Least Squares (OLS) estimators in the 

presence of multicollinearity to know the most efficient 

estimator. Mean Squared Error (MSE) was used as a 

criterion to judge the performance of these estimators. 

Results obtained from the simulation study revealed that 

Bayesian method is more efficient than the ridge and OLS 

estimators.   
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1. INTRODUCTION 

 

Regularization provides means of controlling 

regression coefficients and there are three kinds of 

regularization namely; L1, L2 and elastic nets.  A 

typical example of regression tools that uses L2 

regularization is ridge regression. Ridge regression 

is method that is used to analyse regression model 

that suffers multicollinearity.  

The use of ridge estimator first came into existence 

with the work of Hoerl and Kennard (1970) [9] and 

its purpose is to handle collinearity in engineering 

data. Their findings state that there is a non-zero 

value of ridge parameter called 𝑘 for which the 

Mean Squared Error (MSE) for ridge estimator has a 

minimum variance than the celebrated Ordinary 

Least Squares (OLS) method in regression Kibria 

and Banik (2016) [15].  

The ridge solution suggested by Hoerl and Kennard 

(1970) is given as: 
 

𝛽 (�̂�) = (𝑋′𝑋 + 𝑘𝐼)−1 𝑋′𝑌 ,  𝑘 ≥ 0   (1) 
 

After the works of Hoerl & Kennard (1970a) [9], 

more research had been carried out on the use of 

ridge estimator since then.  This can be seen in the 

works of Lawless and Wang (1976) , Dempster et al. 

(1977) [4], Gibbons and McDonald (1984) [8], 

Nomura (1988) [18], Kibria (2003) [14], Khalaf and 

Shukur (2005) [13], Zhang and Ibrahim (2005) [20], 

Alkhamisi et al. (2006) [2], and recent ones by 

Muniz and Kibria (2009) [17], El-Dereny and 

Rashwan (2011) [5], Jensen and Ramirez (2012) 

[11], and Iguernane (2016) [10]. 

Kibria (2003) [14] developed some estimators based 

on generalized ridge regression approach; a 

simulation study was carried out in order to evaluate 

the performance of the developed estimators and 

Ordinary Least Squares (OLS) method. It was 

observed that the developed estimators perform well 

than the OLS method.   

Khalaf and Shukur (2005) [13] suggested an 

approach for choosing the ridge parameter with the 

aid of simulation. Alkhamisi et al. (2006) [2] 

proposed four modifications in order to choose the 

ridge parameter, these proposed estimators are 

extension of Khalaf and Shukur (2005) [13]. It was 

observed that their proposed estimators have smaller 

MSE compared to Hoerl and Kennard (1970) [9] and 

OLS. 

Muniz and Kibira (2009) [17] proposed three ridge 

estimators known as 𝐾𝑘𝑀4 , 𝐾𝑘𝑀5 and 𝐾𝑘𝑀6  by 

applying arithmetic mean, geometric mean and 

square root based on the existing proposed methods 

by Kibria (2003) [14], Khalaf and Shukur (2005) 

[13] and Alkhamisi et al. (2006) [2] for estimating 

the ridge parameter 𝑘. The performances of these 

estimators were compared with OLS estimator 

through a simulation study with different degrees of 

correlation among the regressors. It was observed 

that the proposed estimators performed more than 

the OLS estimator. 

The method for reducing the influence of 

multcollinearity by using two classes of regression 

models was demonstrated by El-Dereny and 

Rashwan (2011) [5]. A great attention was paid to 

the use of ridge estimators by proposing two 

alternative approaches to resolve the 

multicollinearity issue. The two proposed methods 

are: an application of the known inequality 

constrained least squares and the dual estimator 

methods.  

A major drawback of classical ridge regression in 

the estimation of regression model is that, the 

dependence of ridge parameter tends to results in 
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either bias or instability. For instance, if the value of 

k tends to infinity, �̂�(K) will approaches zero, we 

then obtain a stable, but biased estimator for 𝛽, but 

as the value of k tends to zero, �̂�(K) will also 

approaches the OLS estimator, which makes it to 

unbiased, but unstable estimator for 𝛽.  Choosing an 

appropriate k value also makes the method to be 

difficult to apply (see Khalaf and Iguernane (2016) 

[12]).  

It is also noteworthy to know that most classical 

methods can also be very sensitive to the slightest 

change in data and they do not make use of prior 

information on the parameters of interest. 

However, Bayesian estimation method quantifies 

our prior belief about parameters through a 

functional form known as prior distribution with the 

likelihood in providing its estimates. Some recent 

works on Bayesian work on multicollinearity are the 

work of Curtis & Ghosh (2011) [3] and Adepoju & 

Ojo (2018) [1]. 

A Bayesian model that accounts for correlation 

among regressors by performing both selection and 

clustering of regressors was proposed by Curtis and 

Ghosh (2011) [3]. Variable selection and dirichlet 

process priors were used in order to remove the 

redundant regressors from the regression model. 

They concluded that their Bayesian approach did not 

perform in all situations. 

The use of an informative prior was also provided by 

Adepoju and Ojo (2018) [1] as a solution to the 

problem of multicollinearity when there is almost 

perfect multicollinearity in a regression model with 

the aid of simulation. The performance of this 

method was compared with OLS method of 

estimation in order to know their strength. Results of 

their study revealed that Bayesian method is more 

effective than OLS estimator in handling 

multicollinearity when the degree of 

multicollinearity is high. 

Ridge regression has been a widely used method to 

solve the problem of multicollinearity in classical, 

however there is need to facilitate comparison 

between this method and Bayesian method of 

estimation.  

This work hereby examines the performance of 

existing classical L2 regularization method also 

known as ridge estimator and Bayesian approach 

using conjugate and non-conjugate priors in the 

estimation of regression model to solve the problem 

of multicollinearity. 

The rest of the paper is organized as follows. In 

section2, classical estimators involving the ridge 

regression and Bayesian estimation method were 

presented while the simulation study is discussed in 

section 3. Section 4 presents the result based on the 

simulation and section 5 renders the conclusions. 

 

2. MATERIALS AND METHODS 

 

This section gives the regression model, classical 

estimators (OLS and L2 regularization (ridge)) and 

Bayesian method of estimation. 

Consider the regression model: 

𝑦  = 𝑥 𝛽+  𝑢 (2) 

Where 𝑦 is the 𝑛 𝑥 1 vector of dependent and 𝑥 is 

𝑛 𝑋 𝑝 matrx of explanatory variables of the 

regression model respectively.  𝛽 is the 𝑝 𝑋 1 vector 

of parameters to be estimated and  𝑢 is an 

unobservable error term which is normally 

distributed with mean zero and constant 𝜎2. 

 

2.1 Classical Ridge estimator by Hoerl and 

Kennard (HK) 

The popular method for estimating the parameters of 

the model in (2) is known as OLS and is given by:  

�̂� =(𝑥′ 𝑥 )−′ 𝑥′ 𝑦   (3) 

While the variance of �̂�  is also given as: 

Var (�̂�)  =  �̂�2(𝑥′ 𝑥 )−′ (4) 

Where  �̂�2 =  
1

𝑛−𝑝
∑ (𝑦𝑖−𝑥𝑖�̂�)2𝑛

𝑖=1  

It is obvious that both equations (3) and (4) heavily 

depends on matrix (𝑥′ 𝑥 )−′. If the multicollinearity 

is perfect, it becomes a serious problem in the sense 

that, the design matrix 𝑥 will have less than a full 

rank while the moment matrix 𝑥′ 𝑥 cannot be 

inverted which make this OLS estimator not to exist. 

To overcome this problem using a classical 

approach, L2 regularization method also called ridge 

estimator was provided as given in (1). 

The Mean Squared Error (MSE) of (1) is given by: 

MSE (𝛽 (�̂�)) = var (�̂�(K)) + 𝐵𝑖𝑎𝑠2 (�̂�(K)) (5) 

=  �̂�2 ∑
𝜆𝑖

(𝜆𝑖+ 𝑘)2
𝑟
𝑖=1   +  𝑘2 ∑

�̂�𝑖
2

(𝜆𝑖+ 𝑘)2
𝑟
𝑖=1   

Comparing the MSE of estimators in (1) and (3), we 

have: 

MSE (�̂�(K)) < MSE (�̂�)   (6) 

The choice of parameter k in (1) can be achieved by 

a method suggested by Hoerl and Kennard (1970) 

given by: 

�̂�𝐻𝐾 = 
�̂�2

�̂�𝑚𝑎𝑥
2     

Where  𝛽𝑚𝑎𝑥 is the maximum of 𝛽 and �̂�2 . 

 

Bayesian method of estimation 

In this section three forms of priors will be used for 

Bayesian inference namely; Normal, g and diffuse 

priors. 

 

Normal prior 

Recall the model in equation (2) 

𝑦  = 𝑥 𝛽+  𝑢    

And  𝑢 = y − 𝑥𝛽  (7) 
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The multivariate normal distribution for 𝑢 in (6) is 

given by: 

f(𝑢) =  
1

(2𝜋𝜎2)𝑛 2⁄   exp {-
𝑢′𝑢

2𝜎2}  (8) 

 =    
1

(𝜎2)
𝑛

2⁄ (2𝜋)
𝑛

2 ⁄
 exp {−

1

2𝜎2  (𝑦 − 𝑥𝛽)′ (𝑦 − 𝑥𝛽)} 

The Likelihood function can be obtained as: 

L (𝛽; ℎ, y) = f (y; 𝛽)    (9) 

Where f (y; 𝛽) is the joint density function of y. 

L (𝛽; ℎ,y) = 
ℎ

𝑁
2⁄

(2𝜋)
𝑁

2 ⁄
 exp [−

ℎ

2
 (𝑦 − 𝑥𝛽)′ (𝑦 − 𝑥𝛽)] (10) 

where  ℎ = 
1

𝜎2 .  

The normal prior is given by: 

   𝛽 ~ 𝑁( 𝛽0, 𝑀0)      

And can also be written as: 

P (𝛽) = 
|𝑀𝑜|−1 2⁄

2𝜋𝑘 2⁄  
 {exp[−

1

2
 (𝛽 − 𝛽𝑜)′ (𝑀0)−1 (𝛽 −

𝛽𝑜)]}  (11) 

In order to obtain the marginal posterior distribution 

which is proportional to both the likelihood and 

prior distribution by ignoring the constant terms that 

do not rely on parameter 𝛽, we have: 

𝛽~ 𝑁( 𝛽∗, 𝑀∗)  (12) 

Thus, equation (12) is a multivariate normal 

distribution and conjugacy is also established. 

Where,    

 𝛽∗ = (𝑀0
−1 + ℎ 𝑥′𝑥 )−1 (𝑀0

−1 𝛽𝑜+ ℎ 𝑥′𝑦)  (13) 

 𝑀∗ = 
1

(𝑀0
−1 + ℎ 𝑥′𝑥 )

   (14) 

 

Zellner’s prior 

A g-prior is a kind of objective prior specifically 

designed for regression coefficients of a multiple 

regression. It has a covariance matrix that is 

proportional to the inverse of fisher’s information 

matrix for �̂�. 

Hence, the g-prior for �̂� for regression model in (2) 

is a multivariate normal distributed with mean of 𝛽𝑜 

and covariance matrix , 𝜋  simply written as: 

𝛽|ℎ  ~ MN (𝛽𝑜, 𝜋)   (15) 

Where 𝜋 = (𝑥′𝑥)−1 g ℎ−1   (16) 

The parameter, g in (15) allows for direct weighting 

of both prior distribution, 𝛽𝑜 and data, 𝛽. In the 

literature, so many works have described and 

discussed the selection of parameter, g Fernandez 

(2001), Liang et al (2008) and Zhang et al (2016). 

Multiplying the likelihood function obtained in (10) 

with (15) gives:  

𝛽|𝑦, ℎ  ~ MN (q�̂� + 
𝛽𝑜

𝑔+1
 , 

𝑞

ℎ
(𝑥′𝑥)−1)   (17) 

Where “MN” means a multivariate normal 

distribution. 

and  q = 
𝑔

𝑔+1
 

N.B: The symbols with “𝑜” and “*” are parameters 

of prior and posterior, respectively. 

 

3. SIMULATION STUDY 

 

The main purpose of this work is to facilitate 

comparison on the performances among the classical 

(L2 & OLS) and Bayesian estimators in the presence 

of multicollinearity. To achieve this, simulation 

study is conducted in this section. 

The data experiment is set up using the Data 

Generating Process (DGP) below: 

𝑦 = 15+ 35 𝑥1 + 20 𝑥2 + 80 𝑥3 +  𝑢      

The disturbance term, 𝑢 and the regressors generate 

the dependent variable. Since the degree of 

collinearity among regressors is of central 

importance. The works of Gibbons (1981) & Kibria 

and Banik (2016) will be used in generation of 

regressors using the equation below: 

𝑥𝑖𝑗 =  (1 −𝛼2)1 2⁄  𝑥𝑖𝑗
∗ +  𝛼 𝑥𝑖𝑝  ,    𝑖= 1, 2, . . . , n 

, 𝑗= 1, 2, . . . , 𝑝 

Where  𝑥𝑖𝑗
∗ is the independent standard normal 

pseudo-random numbers and 𝛼 is the correlation 

between any two 𝑥’s. The sample sizes considered 

are; n= 20, 100 and 400. Two different values for  𝜎 

are 0.5 and 1 while the values for 𝛼 are: 0.8, 0.9 and 

0.99. 

 

Prior hyper-parameters specification 

𝛽0 = (

13
32
17
75

),    𝑀0 = (

0.01
0
0
0

0
0.06

0
0

0
0

0.02
0

0
0
0

0.6

) 

 Prior weight, g=1. 

 

4. RESULTS AND DISCUSSION 

 

This section presents the results of classical and 

Bayesian method of estimation based on the 

simulation study under section 3. The MSE of both 

classical (OLS & ridge estimator) and Bayesian 

(Normal and g-priors) are recorded in Tables 1-6. 

 

Table 1: MSE of estimators when, 𝜎 = 1, 𝜌 = 0.8 

 
OLS HK 

Bayesian 

g-prior 

Bayesian 

Normal 

20 19.9197 18.5941 15.7313 0.0048 

100 0.3314 0.2957 0.0077 0.0028 

400 0.1287 0.0587 0.0127 0.0007 

 

Table 2: MSE of estimators when, 𝜎= 0.5, 𝜌 = 0.8 

 
OLS HK 

Bayesian 

g-prior 

Bayesian 

Normal 

20 1.7084 0.6109 0.7501 0.0193 

100 0.1417 0.0385 0.0840 0.0007 

400 0.0485 0.0015 0.0826 0.0008 
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Table 3: MSE of estimators when, 𝜎 = 1, 𝜌 = 0.9 

 
OLS HK 

Bayesian 

g-prior 

Bayesian 

Normal 

20 3.2114 0.6247 0.3411 0.0729 

100 0.2307 0.0373 0.0373 0.0123 

400 0.1374 0.0015 0.0253 0.0023 

 

Table 4: MSE of estimators when, 𝜎= 0.5, 𝜌 = 0.9 

 
OLS HK 

Bayesian 

g-prior 

Bayesian 

Normal 

20 3.1585 0.6241 0.2137 0.0136 

100 0.3208 0.0365 0.0539 0.0008 

400 0.0071 0.0021 0.0534 0.0018 

 

Table 5: MSE of estimators when, 𝜎= 1, 𝜌 = 0.99 

 
OLS HK 

Bayesian 

g-prior 

Bayesian 

Normal 

20 23.0267 0.5702 0.2826 0.0001 

100 2.3065 0.0342 0.0171 0.0083 

400 2.5077 0.0014 0.0169 0.0099 

 

Table 6: MSE of estimators when, 𝜎= 0.5, 𝜌 = 0.99 

 
OLS HK 

Bayesian 

g-prior 

Bayesian 

Normal 

20 65.7141 0.5780 0.3078 0.0029 

100 2.4032 0.0352 0.0460 0.0021 

400 0.4683 0.0014 0.0374 0.0014 

 

From Tables 1-6, it was observed that classical OLS 

estimator has the highest MSE for all sample sizes 

when 𝛼 = 0.8, 0.9 and 0.99. However, it seems the 

values of ridge estimator are smaller than the OLS. 

The Bayesian method of estimation with normal 

prior outperformed all other methods followed by 

Bayesian method with g-prior.  

Increasing the strength of the correlation among the 

regressors does not really have a great effect on all 

the estimators considered. However, increasing 

number of sample sizes lead to lower value of MSE 

for all the estimators across different collinearity 

levels. It is also observed that increasing value of 

error variance has negative effect on the MSE 

especially for OLS estimator when the correlation is 

𝛼 are 0.8 and 0.9. 

 

CONCLUSION 

 

Bayesian inference on the estimation of regression 

model when there is multicollinearity had been 

applied and compared with classical estimators.  In 

comparisons, the performances of the widely used 

L2 regularization method also called ridge estimator 

and OLS method were considered when there is 

multicollinearity in the regression model. Two forms 

of priors namely; Normal and g-priors were used 

while prior hyper-parameters were also specified. 

In order to facilitate the comparison between the 

Bayesian and ridge estimators, data sets were 

simulated for different sample sizes that are 

characterized by multicollinearity. Based on the 

simulation, the MSE of Bayesian method of 

estimation is smaller than the ridge and OLS 

estimators for all sample size considered at all the 

level of collineairty.  

However, ridge estimator was constructed with the 

aim of having a smaller MSE compared to OLS 

estimator. It is apparent from the results that the 

ridge estimator has smaller MSE across all the 

sample sizes than OLS method while also the 

increase of error variance has negative effect on the 

MSE of OLS estimator. It can be also deduced that 

as the sample sizes increases, the MSE of the all the 

estimators also decreases.  

Hence, we can conclude that Bayesian method of 

estimation especially with the use of Normal prior 

can reduce multicollinearity problem among 

regressors. Thus, we hereby recommend the 

Bayesian method of estimation for analysis and use 

for multicollinearity problem. 
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