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ABSTRACT: Let   be an alphabet. A subset   of the free 

monoid    is a code over   if for all       and 

                , the condition :             

implies     and       for        . In other words, 

a set   is a code if any word in    can be written uniquely 

as a product of words in   ([BP84]). It is not always easy 

to verify a given set of words is a code. In this paper, we 

give the construction and representation by deterministic 

finite automata of some variable length codes. 
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1. INTRODUCTION  

¶  

Let    be the free monoid generated by a finite 

alphabet  . A langage      is called a Variable 

Length Codes if    is a free submonoid of    with 

base  . The theory of variable length codes takes its 

origin in the framework of the theory of information, 

since Shannon's early works in the 1950's. An 

algebraic theory of codes was subsequently initiated 

by M. P. Schutzenberger ([Sch55]). Variable length 

codes occur frequently in the domain of data 

compression. 

Let   be a submonoid of    and   be its minimal 

generating, then   is free iff any equality       
     ,                 implies     and 

           .  

The minimal generating of a free submonoid   of 

   is called a variable length code. 

The remainder of this paper is organized as follows. 

In Section 2, some mathematical preliminaries. In 

Section 3, we use the algorithm of Sardinas and 

Patterson ([SP53]), to giving some test for variable 

length codes. In Section 4, we give the 

representation by deterministic finite automata of 

some variable length codes. Finally, we draw our 

conclusions in Section 5. 

 

2. PRELIMINARIES  

 

A semigroup is a set    together with an associative 

binary operation   defined on it. We shall write       

or simply   for a semigroup. If         holds 

for all      , we call a commutative semigroup. If 

the semigroup       has an identity element, then 

      is called a monoid. If    , we write    for 

the submonoid of   generated by  , that is the set 

of finite products       with          , 

including the empty product 1. It is the smallest 

submonoid of   containing  . For example,       
is generated by    , while (N, ) is generated by 
     , where   is the set of all primes.  

Let   and   be semigroups. A function       is 

called a homomorphism if                     
for all         . 

If    and   are both monoids then we usually require 

in addition that the identity of   is mapped to the 

identity of            

Let   be a set, with we call an alphabet. A word 

  on the alphabet   is a finite sequence of elements 

of                                      
The set of all words on the alphabet   is denoted by 

   and is equipped with the associative operation 

defined by the concatenation of two sequences 

 

                        
                         

 

This operation is associative. This allows us to 

write          . The string consisting of zero 

letters is called the empty word, written ε. Thus, ε, 0, 

1, 011, 1111 are words over the alphabet        The 

set    of words is equipped with the structure of a 

monoid. The monoid    is called the free monoid on 

 . The reverse of a word           , is 

               .   

Note that for all              =     .  

The length of a word  , in symbols    , is the 

number of letters in   when each letter is counted as 

many times as it occurs. Again by definition, |ε|=0.  

The length function possesses some of the formal 

properties of Logarithm:                   
    , for any words   and v and integers    . For 

example         and         . For a subset 
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  of   , we let      denote the number of letters of 

  which are in   . Thus              .  

A language   over    is any subset of        
Let       . A equation of the form       , 

where ε  , has a unique solution given by   
   . 

For       , the set                . In 

particular, we define     ε           

       
Given a set     , the star of   is as in any 

monoid, the set                 =      . 

Any submonoid   of    has a unique minimal 

generating      ε     ε  . 

For       , we define                  
and                 . 
For subsets     of    , this notation is extended to 

                  and      

            . 

A mapping        , where   and   are 

alphabets, satisfying the condition       
        , for all words   and   of    is called a 

morphism, define a morphism  , it suffices to list all 

the words     , where a ranges over all the (finitely 

many) letters of  . If   is a monoid, then any 

mapping       extends to a unique morphism     

     For instance, if   is the additive monoid 

ℕ, and   is defined by        for each    , 

then       is the length   | of the word  . 

The theory of codes provides some jewels of 

combinatorics on words. 

A subset   of the free monoid    is a code over   if 

for all       and                 , the 

condition :             implies     and 

      for        . In other words, a set   is a 

code if any word in    can be written uniquely as a 

product of words in  . 

The words of   are called code words, the elements 

of    are messages. It is not always easy to verify 

that a given set of words is a code. 

Deterministic finite automaton is a type of finite 

automaton in which the transitions are deterministic, 

in the sense that there will be exactly one transition 

from a state on an input symbol. Formally, a 

deterministic finite automata       is a 

quintuple               , where 

   is a finite set called the set of states, 

   is a finite set called the input alphabet, 

     , called the initial state, 

    , called the set of final states, and 

         is a function called the 

transition function. 

Recall that the transition function   assigns a state 

for each state and an input symbol. 

This naturally can be extended to all strings in    , i. 

e. assigning a state for each state and an input string. 

The extended transition function          is 

defined recursively as follows:  

For all    ,      and    ,           and 

                   . 
The langage accepted by   is                             

                      
 

3. TEST FOR VARIABLE LENGTH CODES  

 

The basic question to be asked is "When is a given   

of     a variable length code?". This was answered 

by Sardinas and Patterson ([SP53]). Define 

recursively subsets    of    as follows:  

 

 
         ε 

       
                        

     

 

where  ε denotes the identity of    and             

               We have:  

If ε    , then   is not a variable length code. 

If        , then   is a variable length code. 

 

Example 3.1 

 

Let         and                 we have, 

         ε ,              , where 

                    . 
                             ε  
                             ε  
                             ε  
                             ε  

Then          ε   , with   designates the 

empty set.      
          ,                   

  
       

  
       and                . 

We have        , Finally, the set   is a 

variable length code. 

 

Example 3.2 

 

Let         and                   we have, 

         ε ,              , where 

                    . 
                             ε  
                              

 ε  
                              

 ε  
                             ε  

Then          ε   , with   designates the 

empty set.      
          ,                   

  
       

  
       and                . 

We have        , Finally, the set   is a 

variable length code. 
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Example 3.3 

 

Consider the alphabet          and    
                 we have,          ε , 
             , where         
0,1 :    . 

                             ε  
                            

 ε    
                              

 ε  
                              

 ε  
Then          ε     . 

      
          ,   

       
  

       and 

               . 

We have   
       

  
             , 

                             . 
               , there is only cases to be 

considered:  

                              

                              

                                

                                

Then      
               . 

     
          , we have  

  
                              

  ε   
Since    contains the empty word ε, then   is not a 

variable length code. 

 

4. REPRESENTATION OF VARIABLE 

LENGTH CODES  

 

Let   be an alphabet and   be a variable length code 

over  . Our representation of   is based on the 

automaton theory. This subject was reviewed in 

              . We construct an automaton for   

by union of automata of codewords. 

If codeword         then automaton      of 

  is                      where :  

                               . 

        . 
 Define the function    :         by:  

         =   ,           =     , ..., 

                              , 

                    . 

Thus      can recognize           
    . 

The automaton               of variable length 

code               . We can use notation 

    . 
                     with :  

       
    

     
. 

          

  X   w   w    w . 

The automaton      accepts           
   . 

 

Example 4.1 

 

Let         and                 we have, 

                     with :  

              . 

          

    is given by the following table: 

     1 

         

         
         

 

We show that, the langage accepted by      is  

                          
                 =                   
                  =    

                      =              . 
The characteristic equations for the states 

             respectively, are :  

 

           ε

          
          

  

With           , we have            

ε=                  ε 

Then                      ε. 

Finally                    =  . 
 

Example 4.2 

 

Let         and                   we have, 

                     with :  

                      . 

          

    is given by the following table : 

   0 1 

         

          

          
        

        
 

We show that, the langage accepted by      is  

                          

                 =                   
                  =    

                      =                . 
The characteristic equations for the states 

             respectively, are:  
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           ε

           
           

       
       

  

With           . We have              

        . 
and            ε=            
           + ε=                  ε. 

Finally                             . 
 

CONCLUSIONS 

  

In this paper, we use the algorithm of Sardinas and 

Patterson, to giving some test for variable length 

codes and we give the representation by 

deterministic automata of some variable length 

codes. 
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