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ABSTRACT: In this paper, we proposed a ratio cum
product estimator for estimating finite population variance.
The proposed estimator was obtained by transforming
[MS17] estimator. The bias and mean square error (MSE)
of the proposed estimator has been obtained and the
conditions for it efficiency over some existing variance
estimators have been established. The efficiency of
proposed estimator based on optimal value of the constant,
exhibit significant improvement over the estimators
considered in the study. The numerical illustration was also
conducted to corroborate the theoretical results. The results
of the empirical study show that the proposed estimator is
more efficient over existing estimators.
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1. INTRODUCTION

Various fields of life have been facing the problem in
estimating the finite population variance. Population
variance is one of the parameters which require
efficient estimators because of its great significance
in various fields of lifelike genetics, agriculture,
biology and medical studies such as in matters of
health: variations in body temperature, pulse beat and
blood pressure which are the basic guides of
diagnosis when prescribed treatment is designed to
control their wvariation. An agriculturist requires
sufficient knowledge of climatic variation to devise
appropriate plan for cultivating his crop. A
manufacturer needs constant knowledge of the level
of variations in people’s reaction to his product to be
able to know whether to reduce or increase his price
or improve the quality of his product. A fair
understanding of variability is vitally important for
better results in different walks of life.

In this paper, an improved linear combination of a
ratio cum product estimator for estimating finite
population variance has been proposed with objective
to produce efficient estimator and properties have
been established.
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1.1 Nomenclature

Let Q =(1,2,3,...,N) be a population of size Nand
Y, X be two real valued functions having
values(Y;, X;) € Rt > 0onthe it" unitof U(1 <i <
N). Let Sj and S? be the finite population variance

of Y and X respectively and S§ and Sf be respective

sample variances based on the random sample of size
n drawn without replacement. The following are the
other notations used throughout this paper.

Population size

Sample size

Study variable

: Auxiliary variable

,X: Sample means of study and auxiliary
variables

X Population means of study and auxiliary

variables
fo¥ Coefficient of correlation

Cy,CX: Coefficient of variations of study and
auxiliary variables

-<|m~<|><'-§§2

Q,:  The lower quartile

Q,:  The upper quartile

Q,: Inter-quartile range

Qy:  Semi-quartile range

Q,: Semi-quartile average

Q,:  Coefficient of quartile deviation

Ba(y) + Coefficient of kurtosis of study variable
Bz(x) : Coefficient of kurtosis of auxiliary variable
TM :  Tri-Mean

M, : Median of the auxiliary
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1.2 Existing Estimators

Sx

Sy =

The sample variance estimator of the finite
population variance is defined as
t=sp 1)

which is an unbiased estimator of finite population
variance (S2) and its variance is

Var(t) = ySy(Bay) — 1) ()

[Isa83] proposed a ratio type variance estimator for
the finite population variance (S2)when the finite

population variance SX2 of auxiliary variable X is

known. The bias together with its mean squared error
is given below:

St=s32 )

Bias (SR)—VSZ[(ﬁz(x> -2 —-1] @

— .,c4 (ﬁz( ) T 1) + (ﬁz(x) - 1)
MSE (SR) yS [ 4 —2(yy — 1) (5)

[KCO06] proposed a class of ratio type estimators for
finite population variance by imposing Coefficient of
variation and Coefficient of kurtosis on the work of
Isaki (1983) as:

SZ+Cy

Slgcl = S}z, (Sx-l-—Cx) (6)
Sx"'ﬁx

Sker = 55 (sx+ﬁx§;)) @

2 _ Sxﬁx(z)"'cx

Skc3 B Sy (Sxﬁx(z)"'cx) (8)
SXCX+BX

St =53 (o) ©)

Bias (§,fci) =

= VAiSS [Ai(,BZ(x) - 1) — (A2 — 1)] (10)

Where i=1, 2, 3, 4

MSE (Si.) =
2
+|(Bagy = 1) + A7 (B2 — 1) (11)
5 —24;(A2, — 1)

Where i=1, 2, 3,4

_ S _ SZ
A= sE+Cy’ A2 = SE+Ba(x)

__SiPw _ SkCy
A3 - Sa%ﬁz(x)"'cx’ 4 S;Cx"'ﬁz(x)

[SK12] proposed ratio type estimators for finite
population variance using quartile and functions of
quartiles of auxiliary variable as:

2 .2 S2+Q,
Sk =55 () (12)
2 2 S2+Q3
Sk, =55 () (13)
SZ+Qr
S =55 (Gre) (14
2 _ 2 (S3+Qa
St =55 (e (15)
_ S%+Qq
Sk = 55 (5e2) (16)
Bias ($3.) =
=YR; Sy [R (ﬁZ(x) - 1) — (422 — 1)] (17)
(1=12,34,5)
MSE ($%,) =
)/52 [(:82(3/) 1) + RZ(.BZ(X) - 1) (18)
_ZR (122 - 1)
(1=12,3,4,5)
where
R, = SJ% _ S;% _ S;%
17 s240," 27 s2405 37 s2+q,
S2 S2
R4=S—2: 'R5=52—x
x Qd X + Qa

[KS13] proposed a ratio-type estimator using
correlation coefficient between study and auxiliary
variable and the third quartile of the auxiliary
variable as:

S2, = 2 (j;’—:g) (19)
Bias (SZ) =
= VWS§ [W(ﬁz(x) - 1) — (A2 — 1)] (20)
MSE (S%;) =
_ st [(ﬁz(y) 1)+ W2(Ba) — 1) 1)
—2W (32 — 1)

sz
Where W = =2
Sxp+Qs3

[SK15] proposed a generalized modified ratio type
estimator for finite population variance using the
known parameters of the auxiliary variable as:

§% = 53 (L) (22)

sg+aw;
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Bias (5120) =

= VAJG 2[ G (ﬁz(x) - 1) — (A2 — 1)] (23)
MSE (S G) =
_ yst By = 1) + A (B2 — 1) 24)
—24; G(AZZ 1)
Sx
Where A]G = m

[MS17] proposed a ratio type variance estimator by
using linear combination of Tri-mean and population
semi inter-quartile average of the auxiliary variable as:

2
S5 =55 (Simres) @25)

Bias (S J) =
= 1AsS 2[Asj(Boy = 1) = Q22— D] (26)

MSE (§2) =
s [(ﬁz@) —1) + A5(Bac) — 1)] @)

—ZZAsj(/lzz -1
Where Ag; = STr M0y (T51T4+Qa)

Many other researchers like [ASK12, AAS16, Sri66,
GS08, TS12, SSB81, SS13, OK14, KO13, US06,
TSS96, YK13, YMK17] have suggested both ratio
and product estimators for population variance.

2. PROPOSED ESTIMATOR

Motivated by the work of [MS17], we proposed an
improved ratio cum product estimator of finite
population variance using tri-mean and inter-quartile
range of auxiliary variable as:

2 _ 2 SE+H(TM+Qq)
Ssj = Sy (a( SZ+(TM+Qg)

SZ2+(TM+Qg)

J+a-a

)) @

2.1 Properties of Proposed Estimator

In order to obtain the Bias and MSE, we

=S;(1+

y x
ep) and s2 =SZ(1+e,), from the definition of
ep and e, we obtain

2
2 and e,

2 2
define ey =% 5% such that sp

E(ep) = E(e1) = 0, E(ed) = y(Bagy) —
E(elz) = V(,Bz(x) -

1)

29
1),5(3031) =y — 1)} #9)

Expressing 'S,\ZU in terms of egand e,, we have
SZ2+(TM+Qg)

(omeeina)

_ SZ(1+e1)+(TM+Qg)
+( a)( S2+(TM+Qg)

Sk =Sz +ep) (30)

)
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Simplifying (30) up to first order approximation, it
reduces to (31) as:

1+ey+Ay;(1—2a)e + ozAM]e1

+Ay; (1 — 2a)eqe; ](31)

sM,_s[

SZ
Where Ay; = v

SZ+(TM+Qq)
Subtracting S5 from both sides of (31)

eo + Ay (1 — 2a)e; + ady; ef

SAZ _ SZ — SZ
Mj— Sy &y [ +Au; (1 = 2a)egey

| e

Taking Expectation of both sides of (32) and

applying the results of (29) obtaining
the Bias(S%;) as:
. adi, (B
Bias(S%,) = 52[ ) 4 ] 33
(Sia) =v +Apy; (1 - 2a)(,122 -1) (33)

Squaring and expanding (32), obtaining (34) as:

|

Taking expectation and apply the results of (29),
obtaining MSE () as:

e§ + A (1 — 2a)%ef

34
++2AM](1 — 20{)6061 ( )

MSE(S3,) = 53 [

MSE(S%)) =
= ys! [(ﬁz(y) 1) + A3y (1 = 2a)* (Bagy) —

Obtaining the expression for the value of «,
differentiate MSE(S7;) partially with respect to «
and equate to zero as:

_y54[

Simplifying (36) for a, obtaining optimum value of «
as:

Y| @

1)

44%,(1 — 20) (Bage) —
—4Ay; (A, — 1)

a(MSE(SF)))
da

(36)

1 (A22—-1)
a=-|1+ —] 37
2 [ Amj(B2c0—1) 37)
Substituting (36) in (34)
MSE($5)) g = 753 [ (Ban = 1) - 522 39)

3. EFFICIENCY COMPARISONS

In this section efficiencies of the proposed estimators
are compared with efficiencies of some estimators in
the literature.
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The §,\24]of estimator of the finite population variance
is more efficient than Var(t) if,

(A22-1)?

(ﬁz(x)_l)] < (Bayy — 1)

[(ﬁz@) -1)- (39)
The S}%,,of estimator of the finite population variance
is more efficient than S2 if,

MSE(Sf)),, . < MSE(S})

(122 —1)°
1

[(132(31) ) (ﬁz(x)_l)

[(ﬁ’z(y) — 1)+ (B — 1)

40
205~ 1) (40)

The S,\z“of estimator of the finite population variance
is more efficient than S, if,

MSE(Sf), . < MSE(SE.)
(122 1)
[(52(3/) ) (ﬁz(x) _ 1) <
[(ﬁz@) — 1) + A (Bowy — 1) (41)
—24;(A2 = 1)

The S,\Z,,] of estimator of the finite population variance
is more efficient than S2 sk, 1T,

MSE(SF)),.. < MSE(S%,)
(Az2 — 1)?
[(ﬂZ(y) ) (.Bz(x) _ 1)
[(:BZ(J’) - 1) + Rl (:BZ(X) - 1) (42)
—2R;(A22; — 1)

The SAZ,,] of estimator of the finite population variance
is more efficient than S if,
MSE(Sf)), .. < MSE(Sis)
(/122 1)
B> 1
[( o)~ ) (.Bz(x) h 1)

[(ﬁz(y) — 1)+ W?(Bory — 1)

AW (g — 1) 43)
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The SM] of estimator of the finite population variance
is more efficient than $?2 i 1f,

MSE(Si)), ..
[(ﬁz@) 1) -
< [(ﬁ’z(y)

< MSE(Sf;)
(A2 = 1?

(B —1)

1) + A% (Baco — 1)]
24j6(Ay — 1)

The S,\ZU of estimator of the finite population variance
is more efficient than SSZJ- if,

(44)

MSE(Sf), .. < MSE(S})
(/122 )

[(ﬁZ(y) ) (ﬁ 1) 7 1)

- [(ﬁz(y) — 1) + 4% (o) = 1)]
_2Asj(/122 - 1)

When conditions (39), (40), (41), (42), (43), (44), and
(45) are satisfied, we can conclude that the proposed
estimator is more efficient than some selected
existing estimators.

(45)

4. NUMERICAL ILLUSTRATION

In order to investigate the merits of the proposed
estimator, we have considered the real population as:

Data: [Mur67]

N =80, n =20, S, = 8.4542, S, =18.3569, 4, =
0.9615, C, =0.7507, A;=0.9964, X =
11.2624, Y = 51.8264, Py = 2.8664, Py =
2.2667, A, =0.9493,4;; = 0.8763, p = 0.9413,
Agp =2.2209, Md =7.5750, Q; =9.318, C, =
0.3542, A, =0.9896, Q, =7.575, Q3=
16.975, Q4 =5.9125, Q, = 11.0625, Q, =
11.82, TM =9.318.
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Table 1: Bias and MSE of Some Selected Existing and Proposed Estimators

Estimators Bias MSE PRE
Sample variance 0 5393.89 100
Isaki ([1sa83]) 10.88 3925.16 137.4183
Kadilar & Cingi ([KC06]) 1 10.44 3850.16 140.0952
Kadilar & Cingi ([KC06]) 2 9.29 3658.41 147.4381
Kadilar & Cingi ([KC06]) 3 10.72 3898.56 138.356
Kadilar & Cingi ([KC06]) 4 8.81 3580.83 150.6324
Subramani & Kumarapandiyan ([SK12]) 1 8.17 3480.55 154.9723
Subramani & Kumarapandiyan ([SK12]) 2 3.91 2908.65 185.4431
Subramani & Kumarapandiyan ([SK12]) 3 5.50 3098.41 174.0857
Subramani & Kumarapandiyan ([SK12]) 4 7.82 3427.19 157.3852
Subramani & Kumarapandiyan ([SK12]) 5 5.77 3133.33 172.1456
Khan and Shabbir ([KS13]) 3.62 2878.56 187.3815
Subramani & Kumarapandiyan ([SK15]) 6.12 3180.77 169.5781
Magbool & Shakeel ([MS17]) 3.03 2820.06 191.2686
Proposed Estimator 3.96 1993.07 270.6322
5. CONCLUSION [KCO06] Kadilar C., Cingi H. — Improvement
in  Variance  Estimation  using
From results of Table 1, we infer that the proposed Auxiliary Information. Hacettepe
variance estimator is more efficient than the existing Journal  of Mathematics and
estimators in the sense of having lesser Mean Square Statistics, 35: 111-115, 2006.
Error (MSE) and highest PRE compare to other
existing estimators considered in this research. We  [KO13] Kazeem A. A., Olanrewaju I. S. —
therefore recommend for use in estimating finite On the Efficiency of Ratio Estimator
population variance. Based on Linear Combination of
Median, Coefficients of Skewness
REFERENCES and Kurtosis. American Journal of
Mathematics and Statistics, 3(3):130-
[AAS16] Audu A., Adewara A. A., Singh R. 134, 2013.
V. K. — Class of Ratio Estimators
with Known Functions of Auxiliary = [KS13] Khan M., Shabbir J. — A Ratio Type
Variable for  Estimating Finite Estimator for the Estimation of
Population Variance. Asian Journal Population Variance using Quartiles
of Mathematics and Computer of an Auxiliary Variable. Journal of
Research 12(1): 63-70, 2016. StatisticsApplicationsandProbability,
2,3, 319-325, 2013.
[ASK12] Adewara A. A., Singh R., Kumar
M. — Efficiency of some modified  [Mur67] Murthy M. N. — Sampling Theory
ratio and product estimators using and Methods. Calcutta Statistical
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parameters. International Journal of
Applied Science and Technology, 2 [MS17] Magbool S., Shakeel J. — Variance
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