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ABSTRACT. We study an iteraton operation modeling the repeated behavior
of synchronous dataflows in which 211 parfizl results ste issued and slso mem-
orized for the newt computation step. The definifion is by means of a fixpoint
eguaion We prove some equatonal properties of iferation, comparing them
o the ome:s of the Elzof iteration We also prove 2 normal form theorem for
dataflows and show that equality is decidable for cancnical dataflows associ-
ated to fresly zenerated algsbraic theorias.

1 Imiroduction

Dataflow models of computation have received a great deal of attention due to
their appropriateness for specifying real-time embedded applications. Different
semantics of “dataflows™ have been provided, e.g. based upon domains [Ka74],
(finite) transducers [Ca%2], process algebras [B595, 5192], and many others. Of
particular interest are the so-called “synchronous™ dataflows, in which a global
clock 1s available to all “processors™ such that they execute one computation step
at each clock tick [Ha93].

The model which we study here is in the framework of algebraic theories in
the sense of Lawvere [La63] and was studied in a slightly different form by M.
Bartha in a series of papers i the late "80s and early "90s. In fhis framework,
nodes comesponding to operations with e entries are modeled as merphisms
with source m and cosource | in the algebraic theory Pow(| A) [BE93], where A
15 the data domain. Or, in a more abstract setting, such morphisms can be in the
hom-set T'(m, 1) of an arbitrary theory T'. Buffers are then modeled by the aid of
an ifteration (ot feedback in [Ba87]) operation which, informally, feeds the output
wires of a network back wnte (some of) the input wires which become internal,
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and appends also to each such wire a one-place buffer or delay which avoids
“hysteresis”. A network with m inputs and n owtput wires is then interpreted over
an infinitary “replication” of the theory T (denoted Df (7)) as an infinite sequence
of morphisms ( {3 ), _x where fi £ T(km,n) and W denotes the positive naturals.

Here we present an alternate study of some results of [Ba%2b], on the equa-
tional properties of the iteration. In particular we give an alternate proof of the
result that, when T = Y'tr, the theory freely generated by a signature X, equality
13 decidable in the subtheory of Df( X'tr) generated by L'tr via some inclusion
functor. The iteration 15 introduced as the pnigue solution of a fixed point equa-
tion and the equational properties are compared to those valid in the iteration
theories of Elgot. Bloom and Esik, [BE93]. We remind that the equality problem
in initial iteration theories has been proved decidable in [BeEO8].

Our decidability result is based upon “onfolding™ each network finitely many
times and comparing the results. In fact we build the “bisimulation™ between the
two terms of the equality to be checked. Also the equational properties of tteration
are obtained easier than those of feedback, since we have a rather trivial proof of
the existence of the iteration operation.

The paper mns as follows: in the second section we recall the construction
of the theory of dataflows and in the third section we introduce the iteration op-
eration via some fixpoint equation and prove some identities concerning it. The
procfs of these identities use extensively an induction principle presented in this
section. [n the fourth section we prove our decidability result. We end with a brief
section containing some conclusions and directions for further study.

I Svochronous dataflows over an algebraic theory

Throughout his section we will work with an algebraic theory T (or theory for
short), i.e. a cartesian category whose objects are the natural numbers [ such that
the object n is the n-th power of the object 1 and 0 is the final object. We choose
here to work with theories in the product form due to the view of morphisms as
data transformers on which our intnition of the flow of data 1s based. The basic
model for theories are the theories Pow(A) associated to any set A, in which
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Pow{ A){m, n) is the family of functions from A™ to A", that is, the family of
“data transformers™ with m inputs and n outputs.

In any theory T, composition is denoted arrow-wise, ie. for f : m — n
and g : n — p we denote their composition as fg. Tupling is denoted (-, -},
the product operation on morphisms is denoted x, the projection of the object
m + n onto the first m components is denoted m, '™, the projection of the same
object onto the last n components is denoted 77" and the unique morphism with
source 1 and cosource 0 is denoted 1" Also A, : 1 — n denotes the morphism
=l Lgriiag 13) and [m] = {1,..., m}. Base morphisms are the morphisms
that occur as compositions and/or tuplings of identities or projections. A base
morphizm [ : m — n is uniquely associated to a function A [] — [m]. Other
notations are the following:

- :’[‘ﬁ‘ denotes the projection of the coproduct km onto the i-th m-component.

_ —km {—_km _km ey km —km
I i I'-ﬂ-'h:! : "-!i- ]:'. A T | |-_'I-="I ﬂ.ﬂ.ﬂ II_II TR

Given two theories T, T”, a theory homomorphism is a fonctor F' : T — T
which commutes with products.

The model of a dataflow network must be able to tell about the whole mntercon-
nections between the streams of data which enter the network and those which
are produced. For a synchronous network with m mput wires and n output wires,
we assume that data are received in tuples of m. Hence the output at the k-th
moment is then a function of the k tuples of m data received so far, and therefore
the behavior of a dataflow network in which A is the data domain should be an
infinite sequence of morphisms (f}), g with fi : Pow(A)(km, n).

Definition 1 [Ba89]. The theorv of dataflows over T', denoted DA (7). is defined
as follows:

— Its objects are the nonnegative integers, denoted as boldface integers m, n, ..
in order to distinguish them from the objects of T

— A morphism f : m — n is a family (f;),..xg where f; £ T(km,n).

33



Anale. Seria Informatica. Vol. VI fasc. I - 2008
Annals. Comeuter Science Series. 6" Tome 1* Fasc. - 2008

— Composition is denoted o and is defined as follows:
givenf = (f)y.g - m—nandg = (gt )pw e U fog = (h)pcn :m—p
where hy -f_ﬁr]’_"fl ..... ﬁﬁ__’“fk;: - g for all k = M. Note the vse o in arrow-
wise notation

- 1, is the sequence defined by (1, ) ":‘:] forall k = M.

— The source topling of f = (fi),. gy - m —~nandg = (gt)p.xr M — pis
denoted ([, g}} and defined as the sequence {{t}r_ g;r'::]kr -

— [T=1" denotes the projection of m + n into m and is defined as (/7527
_kimtn) _min

Tikp  Tm . while JIT denotes the projection of m | n into n and is
defined as (IT=*), = mpiy ommt™.

!

The morphisms in Df(T') are called dataflows (over T'). We denote also the prod-
uct in DF(T) by @
The following properties were proved in [Ba89]:

Proposition 2. Df(T') is a theory. There exists an inclusion homomorphism [ -
T — DF(T) defined by I{m) = m and for all u € T{m, n), I{u) —?ﬁ -

The dataflows which are images of morphisms via the inclusion homomeor-
phizm are called here scalar dafgflows, or scalars. We will abuse notation and
vse henceforth morphisms from T' in expressions involving also dataflows. e g
writing f © u instead of f o {{u) where f & Hom(Df(T')) and u € Hom(T').

We end this section by introducing an operation which will be used in the
definition of the iteration: Given a scalar v : 0 — n and a dataflow f - m — n,
define o f : m — nas

- 1™ . o iff k=1
(oo £ . _ .
Hi’i LI-J‘} , iffE = 2.
We call e the delay operator as it models the behavier of a one-place buffer’:

the value of v » f at the k-th moment is the value of f at the (k — 1)-th moment
and the morphism o can be thowght as the “initial value™ the buffer is loaded

* Im fact, it is an array of length m of one-place buffers
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with. We also call o » { the delayed f by o, or simply the delaved  when o is
nnderstood from the context.

Proposition 3. The following properfies are satizfied by the delay operator:
{lawf degh = (o, e {f. g) (1)
amw(fog)=folamg) (2)
and, for p a base morphism,
(awf)op=(a-p)w(fcp) (3)

where the morphizms (both scalars and dataflows) have appropriate sources and
COSOUFEES.

The proof of this property 15 an easy application of the definition ofm. Observe
that identity 2 implies thatwis not a functor.

3 Iteration in the theory of dataflows DF(T')

We will assume throvghout the rest of the paper that there exists some : = T(0, 1),

that is, the theory T is pointed and define ¢, as 1, = (1,¢,...,¢). We call the
‘_F.—'

e
family (i, )n-n a delay family. Observe that for all delay families (i, ),-x and
base morphisms p : n — ™ we have b, - p = Lpp,.
Definition 4. Given a dataflow f : n + m — n, the iteratdon of { given by the
fanuily (tm)nen 15 the dataflow denoted ft - m — n which satisfies the equation:

£ = (lwf 1.0 of, thatis, fI = (L, 1) of (4
or, vnfolded,
() = (L™ -ty 1} - &)
(F e = (™ - (L™ - i, W), -l (b - (B, 7} - (6)
fork =2
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This iteration produces in fact a buffer which, at step n, remembers all the in-
termediary values produced by the circuit and supplies them to the n-th iteration.
The “Hat™ memory, i.e. the case when only the value of the last iteration is nsed to
compute the next value, is modeled by the iteration applied to (images of) scalar
morphizms.

Observe that the equation 4 has a unique solution foreach f : m +n — m.
This can be easily checked by induction on the “unfolded”™ version of the iterate.
since (1) is defined using the definition of (£1),, .. (F7)_,.

The following property will show usefol when proving the equational proper-
ties of iteration. Its name (induction principle) refers to its use in proving equa-
tional properties of iteration by showing that. 1f a certain identity imvolving iter-
ation holds for all components up to the k-th, then it also holds for the k + 1-th
compenent. This induction principle refers to “terms™ built up from dataflows in
Df{T') and a set of variables = using composition tupling_ iteration_delay, iden-
tities, and projections. More formally, we may regard Df(T') as an [ » M-sorted
algebra (in the sense of [Gra79]) over the [ « M-sorted signature

I ={Cmum)ng—img | ™7, p € N} U {{-, Ympnp—iming | m.n,p € NJU
{tintnmi~mm) | mn € N} U e go)imp)—ima | m,n e NJU
{(1a)esfnn) | R EN}U Y i ofm+tnm) | T, € NjU
LT, mina) | ™m0 e N}

and then building the [-algebra of polynomials over Df(T), with variables in
= = U,y nen Smon. denoted usually as Df(T)[=]. It essential property is that
each pair [ F, 9) consisting of a theory morphizsm F : DHT) — Df(T") which
commutes with iteration (viewed of course as a [-algebra morphism from Df(T')
to Df(T")) and a mapping ¢ : = — DI(T"), @ = (®mn)mncn can be uniquely
extended to a [-algebra morphism (F, )7 : Df(T)[Z] — DF(T"). In particular,
when T = T", when F’ is the identity fanctor 1pg7y. when = is a singleton =

{X}with X € =, ., forsomem,n € N, and ¢(X) = f € DI(T)(m, n), then we

denote the morphism (1pgr), ¢) by [X/f] and its application to a polynomial ¢

is denoted in postfix as r| X /f]. We also call ¢|.X /f] as the replacement of X by f

in t.
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Proposition £ (Induction Principle for dataflows). Let Df(T')[ S| be the [-al-
gebra of polynomials over a singleton = [X]), with X € =, for some
m,n £ M. Consider further some pohynomial t in Df{T)[=Z] and two dataflows
f.g : m — n Ifthere exists some o« - 0 — n such that f = ¢{{X/aw f]| and
g=tX/amg|thenf =g

Progf~ Let us first prove that, for each ¢t = Df{T)[=] and h;,hs : m — n,
if (b ); = (hg); foralli € [k — 1] then (¢{X/h]}, = (¢[X/ha]),. (T

The proof will proceed by double induction, both on the structure of { and on the
integer k.

The two base cases are the following: for ¢t = X we get that ({[X/hy]],
(hy)k = (ho)e = (¢[X/hy]), forany k £ M, while for ¢ £ Hom(T') the result is
obvious.

The three induction cases refer to composition, tupling and iteration. The -
pling case is straightforwrd. For the composition case. suppose that { = £y o {4
and that the property 7 holds for both ¢; and 5. Then

I:f.|_\'..-"h]i}k ((t; o L-‘t‘,-|,‘i'..-"h]|:lk (t,[X/h,] -:-4'.1|_'J'.'..-"]'1|]|:|Jr
(X a]), - (X /B]),) - (2] X/ha]),
and hence, by the induction hypothesis on £,
{(t:[X/hg]),, ..., (ta[X/Ba]) ) - (t2[X /D)),
- (¢1X/ha]),

For the iteration case, suppose that ¢ — u' and suppose that we have proved
the property for u and all naturals k' © [ and also for ¢ and all j < k. Then

(t[X/ha]), = (uf[ X)), = ((u[X/h))D),
A L™ by T 05
by

k k /
g - (T - (X )1, )

.h__.
—
g
-
=
ol
o
=
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Here, we apply both the induction hypothesis on » and the hypotheses on { and
l,....,k—1topget

{km | m pi T=.I!.-:r.-1'\-l

'."ll-l'u i1} Fe==3
mh (- (X hal)r, 7)) - (u[X /),
(X /) .

We may now prove the principle by induction on k:

— For k = 1, we have (amp f); = L™a = (a» g), and hence, by properiy 7,
we get f; = (t|{X/amf]), = (t{X/awg]), =g

— For k > 2, assume that f; = g; forall i € [k — 1]. This implies that
amwf); = (aw g); foralli = [k — 1], and hence, by property 7, we get

fi = (t[X/awf]), = ({[X/amg]) e B
Proposition 6. The following properties hold in D (T'):
1. The left zero identity: for any £ : n — m,
£ = (I™"af)f, (8)
2. The input parameter identity: givenf :n+ m —nandg: p — m,
gofl = (la@g)ef)l ©)

3. The output parameter identity given f - m + n — m and p : m — p a base
morphism,
(fFop)t=((p1a)ef)top (10)

4. The dataflow composition identity: forf :m +n — mandg : p+ m — p,

ftogt = [(1, @ F) o ({g, 7E™)] o BT, (11)
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5. The dataflow tupling identity: forf - m + p — mandg  n+ p — n,

(gt = (Hnip o f, AT Po g, (12)

ot

6. The double dagger identity: forf :m + m + n — m,

it — (=S Lo 1)’ (13)

Also, the following implication {called the functorial dagger implication) is valid
imDfT):forf . m+n—m,g:p+n— pandp: m — pa base morphism,

fop=(p@1l.)og implies that ffop =gl (14)

Progf The left zero identity 8 follows from a direct application of the fixpoint
equation and the defining property of projection:

(4 o)t = e (I £)F, 1) adf 0 o f =

For the input parameter identity 9 we have:
(lm@g)of]' = (tmr [(1lm®g) o f] 1Yo (lu@g) o f
(mr [(lm@g)of]' g) o f (15)
and, on the other hand.
go £t gn-:{fmh-f+,1n}} of ={{go |f_rmhfifl.g}} of
{tmm(goff).ghof (16)

where in 16 we have applied identity 2.

Consider then the polynomial t = (X, g}} o f (in the setting of the induction
principle). Then, 15 is ¢{X/i, » [(1n @ g) o f]'] and 16 is £{X /1, » (g o £1)],
hence we may apply the induction principle and get that identity @ holds.
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The double dagger identity. 13 can be proved as follows: denote first by g its
right-hand side. We then have the following transformations:

g =t g, 1) o A=, I=F, =t o f
{tm™ g tm¥ g, 1 o f (17)
it — (e £, 1) o Ff
Hemm £, 10 0 (L FF 1 o) o f
€ Qe £, 1.0 © (L ), e £ 1, ) o F
I::{.'m (i fit 1.0} o fi], Lo - 1;‘:} of (by d-EﬁﬂitiDﬂfoﬁ}
Ko £, e BT, 1.0 o f. (18)

If we denote ¢t = (X, X,1,)) of then 17 and 18 are obtained by replacing in ¢
the variable X with the delaved rhs, resp. the delayed lhs of the double dagger
identity 13. Then the induction principle implies the validity of this identity.
For proving the output parameter identity 10, denote first g = ((p@ 1,) o _,I"}Jr
Then:
Irf +] J!-j-:|'i' {::,g - |[ o l;||1' ]_n“:. ofeo il
gop={pre L) o(p@la)afep
{(pwgloplaofop
{(te-p)m(gop). la)p ofop (by identity 3)
(tmw(gop) 1afyofop
where in the last line we applied the remark that ¢, - p = t,, forallm, p € M.
Hence another application of the induction principle for the polynomial ¢
(X, 1, = f o p and for the dataflows (f o p)f, respectively g o p, would then end

the proof of equation 10.
For proving the dataflow composition identity 11 we denote firsth = [(1, @
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f) o {{g, 27™Y]". Then
h = {tprm®h, 1)) o [1 2 f) o (g, IET™)
= {{{tptmh, 1)) o @f)og, (tprmh, 1)) o (1, @) o IET™Y
: ‘:{’fiimmhh-ln}}ﬂ p @ f) o g tprm®h, 1,)) o IELDT o £Y)

. {{{{;F__mph. LYo (1, ®f) og, {(tprmmh) o B 1% t‘}}.

Hence h can be obtained by replacing X with 1, , » h in the following polyno-

mial:
t - ((1. LYo (1,@f) og, {X o IEH™, 1,wct>>_ (19)
On the other hand,
fT o g‘i' fi' a '\::{5;:""E+; 1-::1\:'1' og {l::fr f‘l"'.":. o

(o (£ o gT), ftmm £, 1)) 0 l}} 8
(o (flogl).tmp 1) o (I, @) o5

But the properties of the delay operation imply that
Epll-l:fi Dg+:l iy |:-.-:'["r cg%_er}} -:-H::'m]l I:t;,,,_:..,.,h--:f:fl‘+ o gffh} o ”l;pim
b £ = 1 (£ o gt 1)) 0 ITF™) = (tpimm (EF o gf, 1)) 0 HEF™,
Hence
(i o 8" £ = ( (prm> (€ 08" 6N L o (1,2 6) 08,
iprm® (F1 o g1, 1) o 2™ 1, o ).

It follows that the dataflow ((f7o g f')} can be obtained replacing the variable
X with the dataflow ¢, -,-{fT ogf, £f)) 1'.11 the polynomial ¢ defined in 19 above.
Then, by the induction principle, h — ((f' o g', f7)). and hence the validity of
identity 11 is assured.

For proving the dataflow tupling identity 12, observe first that, for any two
dataflowsu: m — pandv :n — q,

Ly W = (tmnin @ {0, V}}) o ITEH9
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by means of identity 3. We then transform first the lhs as follows:
(E g1 = ( (em > 1,100 o f, (ep 5T, 1)) 0 8)
{ Uemee> (€1, 810 @ 24P, 1, o,
K (emep™ (€, 81)) 0 T2, 1,)) 0 }) (20)

Hence the Ihs of equation 12 can be obtained by replacing X with 1., ., » ([fT, g}
inthe polynomial ¢ — (( (X o 3P, 1,) o £, (X o ITT*P, 1,) o ).
On the other hand, denoting by k the rhs of equation 12 we get:
k= {tmiprk, 1)) o {05 of, TP ™ o gl
<<{'r'lr,miphkj o =P 1,)) of, {(tmip®k) o =P 1 Y o g}}

This last dataflow can be obtained on its tum by replacing in ¢’ the variable X
with ¢, » k. Hence the induction principle proves equation 12 too.

Finally. the functorial dagger implication 14, can be proved as follows: the lhs
of the “conclusion” of this implication rewrites to {{i,» g, 1)) o g by definition,
while the rhs rewrites to

flop={inefl 1 cfop=(tuefl 1Yo (p@1,)og
{tm-piw(flop), L) og = (e (flcp), 1) og.
The conclusion of the fonctorial dagger implication follows via an application of
the induction principle to the term (X, 1,)) o g. W]
3.1 Remarks on the identities valid in iteration theories and in datafow
theories

The iteration operation has been mainly studied in connection to the so-called
regular trees, where it occurs as a natural fixed point operation. In those theories,
the following composition identity [BE93] is valid:

(gF, m=y CE:I (e mz=pof) 1) og. (21)
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Also the following tupling identity [BE93] is valid:
(£, gh' = (hi, k. (22)
where k = ({f", 1,,.,})og and
h {f: e (w21 g)’ HF',“'F}} of.

It is known that the two above identities are dependent [BEEH].

In theories of dataflows Df(T'), the two identities are not valid in general. The
intwitive argnment supporting this remark is that memory cannot be shifted from
its place 1n a dataflow graph unless affecting the partial results. By comparing at
the “first moment™ the two sides in the identity 21:

(e m==p 8)"), = ( (17 i), 1) -8

(({(a‘a’& ey o f) 1)} CE:l] (‘i{l“f,—n L) - B 1ay - 1, ln> -8

one notes that they can be equal iff 1", = (L"y, 1,} - g which intuitively
says that g; must be “constant in its second argument”™. More formally, consider
the power theory Pow( A) for some given set A with at least two elements, say
ay.ae = A, ay ¥ as. Take then m n P | and comsider a function
g : A — A! such that for each r € A, g(z,a,) # g{r, a2). This implies that,
whatever we choose for the point ¢,

({L"tp, 1n} - g)(a1) # ((L"tp, Ln} - g)(as).

Then clearly, for any choice of thepont £ 1 0 — 1, L%, # (1%, 1) - 9.

In the cited series of papers, M. Bartha has studied the dataflow theories
equipped with a family of feedback operations, [™: T(m+n,m+p) — T(n.p).
and has provided the following identities and implication:

1l Forf:m+n—m+pandg:q—r,

™ (fxg)=1" fxg. (23)
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2. For f : m+ n — p+ g and base morphism p : p — m,
1% ((p > La)f) =1™ (f(p x 15)). (24)
3 Forf-m+n—m+pg:p—gandh:r—p,

™ (flaxg))=(1"f)-9 (23)
™ (le x B)f) =h- 1™ f. (26)

4 Forf-m+p—m+qgg:n+p—g+gandbasep:p— g,
if f(px1;)=(px1;)g then 1™ f=1"g. (27)

It is well-kenown that feedback and iteration are closely related in the sense that
a theory with feedback can always be transformed into a theory with iteration and
vice-versa. [C588] provides connections between identities satisfied by feedback
and identities satisfied by iteration, see also [BE93]. This connection between the
two operations. according to [CS88]. is the following:

—Forf:m+n—m ft =1™{f L. x L™
—Forfim+n—m foom+tn—=p 1™ f={f.fr) = {fi. 10} fo

Unfortunately these identities are not appropriate for dataflow theories Df[T'),

as not all identities defining iteration theories of [BE93] are valid here. The cor-
rect connections are the following:

—Forf:m+n—m ff =1 (f (L, Lm}).
—Fauf m+n—om+p 1™ f=((Imx L7 x L) f)(L™ x 1,).

With these rules one may prove that our set of identities from Proposition 6 1s
equivalent to the set of identities provided for the feedback operation. We have
however adopted the tactics of proving our identities directly in order to show the
power of the induction principle.
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There is yet some connection between tteration theories in the sense of [BEQ‘E]
and dataflow theories: take A™ the w-complete partial order of finite and infinite
sequences over a set A and build the theory Cpo( A™), see e.g. [BE96]. In this the-
ory. Cpo(.A¥)(m,n) is the set of w-continuous functions from (A>)™ to (A"
This theory 15 naturally endowed with an tteration operation which takes a mor-
phism f : (A™)™P — [A™)™ to the morphism [T : {A=)P — (A™)™ defined
by

fHz) = pf. = sup{ (<) | n € W}
where f; @ (A™)F — [ A™)™ is defined by f.(y) = f(z,y), = is the empty string
and fT is the n-fold composition of f, with itself

Syrchronous morphisms can then be defined as length-preserving morphisms,
that is, morphisms [ : m — n in which for each tuple of finite sequences

i

3 PR Trm) with x; € A* for some i € [m], f(x) is a tuple of finite sequences
of equal length  this length being equal to min{|z;| | i € [m]}, where |z| denotes
the length of € A™ (which is oc when r is infinite).

On the other hand, if we suppose that A + (} and fix some element ¢ £ A,
Pow( A™) provides a delay morphism 4 : | — | defined by 4{r) = ¢ - = for all
r £ A™, where - denotes concatenation of a finite sequence with an arbitrary se-
quence. Note that this morphism is not length preserving. The n-delay morphism
can then be defined as the n-fold summation of & with itself ie_ 4, :n — nis
=0+ ...+ 4.

e

We may now define the dataflow iteration of a synchronous morphism [ :

m -+ n — m as
1= (6 x L)L

Thiz way, each theory morphism ¢ : T — Pow(A™) can be extended to a
morphism which commutes with iteration &% : DF(T') — Pow(A™).

The drawback of this appreach is that, by making delays explicit and using
the I iteration, dataflows become less structured. Also, this approach raises the
problem of checking whether each loop contains a delay, that is, whether there
exists no combinational loop [Ha93)]. Explicit delays in theories of regular frees
have been studied in [Ba89], helping in the proof that the initial feedback theory

45



Anale. Seria Informatica. Vol. VI fasc. I - 2008
Annals. Comeuter Science Series. 6" Tome 1* Fasc. - 2008

generated by a ranked set X is the subtheory of Df{ X'tr) generated by X'tr, the
theory of finite trees.

4 Decidability of dataflows equality in free algebraic theories

In this section we are interested in the theory of dataflows over the algebraic
.

theory 2'tr freely generated by some M-sorted family of morphisms X = (X);-n.
We remind here the construction of Xtr [BE93]: [BE93]:

1. We consider a fresh set of variables = = {r, | n € [} and denote X,

[

. The hom-set X'trim, 1} consists of (X' U X )-labeled finite trees such that a
node with & > | sons is labeled with a symbol from X} and a leaf is labeled
from X, U X,

3. The hom-set L'tr{m,n) consists of n-tuples of trees from Y'tr(m, 1). Note
also that a tree in X'tr(m, 1) is also a tree in Y'tr(p, 1) for each p = m.

4. Composition is defined using substitution: given a tree g £ X'tr(n, 1) and a
tuple of trees [ = (f1,..., fa}) € Xir(m, n), the tree [ - g is obtained by
replacing each occurrence of the variable r; in g with the tree f;.

When g € X'tr(n, p), thatis, when g = {g:... ., gp) withg; € L'tr(n, 1) forall
i £ [p|, the composition [ - g is obtained as the tuple of trees ([ -gq, .. .. £ gp)-

5. The identity 1,, € Ltr(n n) is the tuple of trees (1, ..., 7,).

6. Tupling is simply concatenation of tuples and the projections are defined as
follows:

m+n I

T 5 PR ey s L SR e S |

The problem we seek to solve in this section is whether dataflow equality is
decidable when the underlying theory is Y'tr. Of course we cannot provide a pos-
itive answer for the whole theory Df{ X'tr) since dataflows are infinite sequences
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of morphisms in X'tr without any structure. But the question becomes more inter-
esting when we restrict to dataflows generated from scalars. More formally, con-
sider the ["-subalgebra generated by the image of T under the inclusion functor
I :T — Df(T) and denote it A(T'). Our problem is then, given two morphisms
i A{Xtr)(m,n), to decide if they are equal.

The strategy for proving this decidability result 1s the following: first, we trans-
form each dataflow f £ A(T)(m,n) into a so-called normal form g with g a
scalar dataflow, such that f — 4f. This is done by “pushing outwards™ all the
iterations occurring in f vsing the dataflow composition and the dataflow tupling
identities and then “joining™ them with the aid of the double dagger identity. The
second and final stage amounts to “oofolding™ both members finitely many times
(at most n times, where n is the cosource of both), and then comparing all the
results obtained so far.

The first stage, the transformation of a dataflow f € A(T')(m, n) into a normal
form, follows from the results in [Ba%2a] where the feedback theory freely gener-
ated by T is characterized by means of so-called T-automata, which are nothing
elze but normal forms over AT,

Definition 7. A normal form in Df(T') is a tuple ([, p) consisting of some mor-

phism f : m + n — m and some base morphism p : m — p. We denote

(f.p) :m = p and call n the source, p the cosource and m the weight of the

normal form. We say that ( f, p) is a normal form over T iff f € T(m + n, m).
The behavior of the normal form ( f, o) is |(f. p}| = fT = p.

Observe that distinct normal forms may have the same behavior.
The following proposition gives the method for bringing elements in A(T')
into normal forms:
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Proposition 8. Normal forms verify the following properties:

(f.p)| = l(g.0) (1g@f)o {12 p) o g, 2™ ”qlm - 28
q°

AIE )1, (g o) B | ((m=izeor, Hr'l“,p“*P-::g‘E'*.,,erﬂr” (29)
I'l F'.Ilt ||:.r."-rfm n .”-:mlncp h;m n'\. ol P}‘ (30)
- j(etmaf, 1)), (31)

FProgf. Identity 28 follows from the input parameter identity and the composition
identity:

(L, )] e |(g,o)| = £ r:p-:-gi co=fa (1g@p)eg) oo
[(1g@f) e {{1,® p) o g, T T-H‘l"“c.-_:r
|((1a@0) 0 (18 p) o, TEH™), Hq”“c.:r)‘

Identity 29 follows from the tupling identity:
Q1L o). (g o)) = (ft o p, gt o o) = {FF, gt o (p % 0)
- (”Hﬁu’:mc B A Y ol ap -:r)
mipr

|(qmzizre ot Mz og)),px o)

Finally, identity 30 follows from the input identity, the output parameter identity
and the double dagger identity:

(Pt = (Frop)' = ((p@1a)oft) op= (lm@p@1a) o f) T op
({{H.'.':'“= Mo 07 ™) e (la®@p@ 1) e t‘)T op
. t
((mm=, mmt=o p, M=) :-f) ap
||:.".f‘i'jrmrn I!mlnﬂ_{i‘ .“rm n'\-'- DII P}‘

The last property is nothing but a restatement of the left zero 1dentity. 0
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In order to formalize the transformation of morphisms in A(T') into normal
forms over T, we use the notion of ["-algebra from the previous section. In the
following theorem, to give a dataflow in Hom{A(T')) means to give a term in
the ["-algebra freely generated by T'. This term is then interpreted term under the

unigue [-algebra morphism which maps atoms from T into scalar dataflows in
DH(T).

Theorem 9. Each given dataflow H € Hom(A(T')) can be algorithmically trans-
formed to a normal form whose behavior equals the intevpretation of H.

Progf. This theorem is a corollary of Proposition 8 Hence we transform each
morphism [ & Hom(T') which occurs in H into the behavior of a normal form by
the aid of the property 31. This transforms / into a composition/tupling/iteration
of behaviors of normal forms. This gives the possibility to recursively apply the
operations on normal forms from Proposition 8 until the whole H has been trans-
formed into a term which is itself the behavior of a normal form. O

4.1 Deciding the equality of behaviors of X'tr-normal forms

This subsection is mainly dedicated to the description of our algorithm for check-
ing equality of behaviors of Ytr-normal forms. After this description. we make
some comments regarding the completeness of an approach which considers
simulations between normal forms via functions, approach that follows from

[Ba92a].

For scalar morphisms [ : p + m — pwe define (1), iy and hence work in
the sequel with the sequence {[f*“_lk]jr_:  tather than {{fi,"ir:lk, -

First we transform the recursive definition of ( f1), as follows: we define the
sequence (ug(f)), _,, where ui(f) € T(p + km. p) and

up( f) = 1,, tier1(f) = (F % lgm) -up(f) forall k > 1

Proposition10. (1) = (tm % Lpm)ue(f).
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FProgf There are two base cases:

(tp x 1g) - up(f) = tp= (fT)o
(tp X 1m) - ua(f) = F= (fh

Then, by induction for each & > 1 we have that

(P = ((Fe % 1m)F = ((tp % Lim)uel f) x 10)f
I:[.Li‘:l * lkm.lrf * ]I:-'t L]m}u.l’-r ]Ir.ll.':' * 1r1'1}.l|r
(g% i)l * Y ((F licise ) F
(e % Lesnym) (F % Lem)(FOe
(tp # Lksnym ) (S % Ligm)ue(f)
Egp x ]I:jf; 1)m }Hk- ]':__jr_;l 1
Consider now two trees (i1, % 1, ju and (g * 1,,)v such that ¢ occurs neither
in u ner in v. The two given trees are equal iff the trees u and v are the same
modulo some renaming of the first p, resp. g variables. Hence we may transform
the problem of checking whether two trees in the given form are equal into the
problem of checking whether there exists a (non-necessarily bijective) renaming

of the variables in u, resp. v Which renders these equal. The recursive definition
of this test is the following:

Definition 11. Define the family of functions ':ﬂp-q-]'p,.,,.; y Where
(g Etr(p, 1) x Ztr(g, 1) — [p] = [q)u {T} (32)
by structural induction on the minimum between the depth of both operands:
1. For the variables: for each r; € X and z; € X

{2 )

de -
Zpq(Ti, 75) jr{':.l-_i'}}

2. For the case when exactly one operand is a variable: foreachn € M, 7 & X |
Uy,..., Uy € L'tr(p, 1) and for each r; € X,

12 )

_p.g({lll. St T T IJ:I dg_fT
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Similarly, foreachn e N, 7 € X, uy,..., v, € Dir(g, 1) and ; € X,
I.-I--_F-}I".":‘;' |:JL|:‘ ::u]- a gag L[":l . ]-} dEIT

3. The induction step: foreachn, ny e N, e L, . m e Ly anduy, .. u, £
Fir(p, 1), v, ... ,Uny € Lr(g, 1)

! 5 Lt L
'!-"'}F'-QI:'-.H]' R T E PR PR L 7Y |_}

LLE!

def Uf-?p,q[u,= v;) iff Ty =72,y =np and (2, o(uy, v5) #1, Vi € [my]
i=1
i otherwise

We may extend the operators {7 to tuples of trees as follows: given u =

L

Fir(p,n)withu = {uy,...,u,) and v € Ytr{g,n) with v = {vy,...,v,) put

n
™ (u.v) def Uﬂp.q[tfi- v;) iff £, (i, i) # 1Vi € [n]
“pgh o B i—1

T otherwise

The following two properties can be proved by easy structural induction. We
bse here the natural extension of the union operation to cope with the symbol |
by putting AU T = T U A = | for any set A.

Proposition 12. Suppose u : p — m and v : g — m are such that (27 (u,v) #1.
Consider further some trees a; : v — 1 (i € [p]) and 3; : s — 1 (j £ [g]). Then

2 (e, o u (Br. L By -v) = | {f;r_j.:_ni_,;aj-) | (i, §) € O™ (u, z".-}
The observation before Definition 11 can then be made formal as follows:

Proposition 13. Given uc Xtr(p + m, n) and ve Ytr(g + m, n), define

S(p,q.m) = ([p+1..ptm] x [gt+m]) U ([p+m] = |g+1..q9m])
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and
D(p,q,m) = {(p+i,q+i) | i € [m]}

Moreover, suppose that neither u nor v confain L.
Then (tp % 1) -1 = (bg % 1) - v ifF 12

" gt v) 71 and

[

ptmgtm

(u,v) N S(p,q,m) C D(p,q,m) (33)
In particular, forp — q = 0, u = v iff {7 (u, v) C D0, 0. m).

Unfortunately this proposition cannot be always applied. For example, con-
sider the two normal forms

F = {(o(t,zs),1;) : 15 1 (34)
G = ([t x o(z1,73)) 7y ) 1151 (35)

It is clear that (| Fl}k {|f)|}k o(e, vy ). However (4 y(a(c, 73), (T, 3))
by definition.

To correct this problem we need to transform the sequences ug( f) and ug(g)
by removing the point ¢ from f, respectively g, as follows: we transform the tree
[ into a tree [’ in which each occurence of variable r; has been replaced by
the wvariable x;.; and all leaves ¢ have been replaced by the variable ;. This
transformation can be defined as a mapping ~ : Xtr(m, 1) — Y'tr(1 +m, 1) such
that f = (¢ % 1) f. where &' = £\ {i}.

We may now associate to each normal form F = (f, p) : m 5 n the sequence
(Tk(F)) g with T (F) : 14+ p+ km — pand

Wl(f) =L xp, 41 (f) = (A2 % Lsgsym) (L % J % Lim)8R(f)
Proposition 14. ui(f) - p= (¢ % lpg) - F)

Proof By induction on k: for k = 0 we have

u(f)-p=1,-p= (e x L)L x p) = (&t x 1) - ue(F)
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For the induction step we have:

(t % ks 1jm) - Tre1(F) = (& % Lipripm ) Az X Lpsik+1m) (12 % [ % 1gm) - We(F)
(12 X Lorikinm) (11 X T % Lam) - W(F)
(2 % (& % 1pim)f % 1pm) - Tl F)
(2 % f % 1pm) -5 F)

[‘II'. ¥ 1 )le % 1) -1 F)

(f % 1em) - u(f) - p = wpa(f) - p .
As a corollary we get that
(f-p=(u rp ¥ Lim) - T (F) (36)

The following property gives the essence of our algorithm. For this theorem
we have the following notations: given two normal forms F' = (f, p) : m L n
and (G — (g,#) : m % n_ denote [ and 7 the trees not containing any occurrence
of ¢ and for which

.il. ["- X lpm}Taﬂdq [-[ b lqlm}ﬁ
Denote also | {f}'],...:]'p} and g FL....,§q:=,DeﬁﬂEfurﬂlerﬂ

(Az % lpen)(ly x F;) foralli € [pl and § = (Az x 1p)(1; x G;) for all
j £ |g]. Consider the sequences (ﬁk[f’ﬂk; y and {Eff[n}:l}r.-n as defined above.
Build then the sequence of sets [ X} )iy as follows

Xo =11 (p.0)
Xirr = | J{Priprmararm(Feds) | Gi3) € Xe 1 ([1+ 5] % [1+ )}
Proposition15. |F| = |G| ifand only if for each k = M, Xi # | and
XegnS(l4+pl4gm)C D1+p,1+4g9,m)
Proof Assume first that |F| = ||, or. equivalently, that

(t15p X Viem) - Te(F) = (t14g ¥ i) -Ta(G) forall k € N, (37)
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We prove the following relation:

X, =1 (T(F),m(G)) N (1 +p+m]x [1+g+m]) (38)

S*l+ptkm 1+g+km

This follows by induction on k: for kb = 0 the relation is obvious since both
sides equal {27 (p.#).

Assume that the identity 38 holds for k. Due to the identity 37 and by means
of Proposition 13 we have that 127, ., . (T(F), 5:(G) N S(1 +p, 1 4
g, km) € D{1 4+ p. 1 + g, km) and hence

!'.E"l‘,F_rk_]]m_llq_rh]}m{ﬁk.L[P".-,E;r.l[{’f}] N ([1+p+m] x [14+g+m])

U {r'?]-p|m.1|q-mffi1_ﬁ'_1'} |

(i,3) € 2yt 1 qrken (B(F), W(G)) 1 ([14+p] x [14+-4)) }
U {2spimiterm(fi 85) | (5.5) € XN ([14p] x [1 + )}
Xesa
Therefore, by Proposition 13, X # T and also
XenS(4+p,14q.m) = 1, i 1igrbm (T (F), T(G)) N 5(14+p, 1+, m)
CO(l+pl+qg,km)nS(1+p,1+qm)
IX1+p,1+q,m)

The reverse follows by proving simultaneously, by induction on £, the relation

38 and the fact that {27 L PO (T ( F). T [{.T}:I # 1. This proof is similar to
the above as 1t 15 based on Propesition 13 too. n

This proposition would suffice for an algonflhun for checking equality, since
there are only finitely many sets X that can be obtained and the process iz de-
terministic, hence X; = X} implies that Xj,; = Xy,; forall i £ M. However
computing all the sets X is not an optimal strategy since we may forget at some
step k what are the identifications between the variables obtained so far. Also pro-
ducing more identifications “by transitivity” might help speeding up the process
and this is what we do in the sequel.
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The closure of a relation K C ([p| = [g]) U {1} is the set

CUR) = {(i,7) | 3n e W, 3,43, .. 921 € [p], Ha, - . ., 120 € [g] such that
i 'E.'|.__‘i'- = fng, Ve [TJ].. I:igj; 14 'E.-g.l:l] = !‘E:I'i'lkf ii'T— ]l ['E.g.l: F1s i.-'_:l,l;] 'E.H}
cir) =1

Observe first that Ol commutes with union Also, for any family of relations
(Ri.) s jyere (UL R | () € CURYY) = G U{Rqss) | (3.5) € RY).
Morecover, forany r < p, s < g, CI(R) N ([r] = [¢]) = CI(Rn ([r] = [s]}).

We then define the sequence of sets | Y} )iy as follows:

Yo= Xy
Yier = CU Y U {RirparalFe 35) | (6) € e (L +7] % [1+4))})

Lemmal6. ¥i — r::.t(uf Dxr)

Proof. By induction on k. The base case is trivial, while for the inductive case we
observe that

e = O Ya U { PripglFeo 55) | (5,5) €Ya N (149 [144])})

k E
= X0 { Rrpralfens) | (5 € O\ X0) N (1481 % [1+4])})
=0 [=0

E

E
.:m(JUx, U { P fi35) | (i 5) € f_n'{pxm ([1+p] %14 ql‘J]}j
=0 =0
k

E
- EH(UM UU{ﬂH-p..l-q[.lfi-grj] | ﬁ-ﬂEUXJ N ([1+p] =[] ‘-*ﬂ)})
fomrd =0

E+1
EH(H}{;) 0

The following theorem 15 a corellary of Lemina 16 and the Proposition 15:
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Theorem 17. |F| = |G| iffforallk = M, ¥y # | and

YinS(l+p,1l+gm)CD1+p1+gqm)

Since Yy T Y}, the chain (Y} );-n eventually becomes constant. Intuitively,
when ¥} = Y, . the identification of variables gives the “bisimulation™ between
the normal forms ( f, p) and (g, o).

The algorithm for checking equality of normal forms is presented in Figure 1.
Its input consists of two normals forms ( f. p) and (g, o) while its cutput is the
message “equal” when the behaviors of the two normal forms are equal and the
message “distinct”, otherwise.

Set Yo = (20 (p,c)and k= 0.
repeat
Compute Vi1 = Ol U {Lipsmisgim( i) |
(i.) € XN ([L+p]x[1+4)) }).
if Y., = T then write(“distinct™) and stop.
if ¥i.1 = ¥ then write(“equal™) and stop.
it YN S(14p, 149, m) € [X1+p, 1+g, m) then
write(“distinct™) and stop.
else k:= L+ L
continue

Figure 1. The algorithm for checking equality of behaviors of normal forms.

5 Conclusions

We have studied here a construction that associates to each theory T another the-
ory Df(T') of dataflows over T. The new theory works intuitively on streams of
“data”™ from the original theory, the morphisms in the original theory being re-
garded as loop-free cirenits. The study was centered on a fixpoint equation which
abstracts from the so-called “memory cells™ n circuit theory. We have smdied
the equational properties of this operation and found a normal form theorem.
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We have also proved a decidability result for the dataflows built from loop-free
“circuits” in free theories.

A first problem to be asked is whether some relafive decidability result can be
obtained too. That is, suppose we work in a free theory modulo some equations.
Then the guestion is whether equality of canonical dataflows can be decided using
an “oracle” which tells whether two trees in the free theory are equivalent modulo
the equations. Ancther interesting direction of study would be to connect our
wotk to the work on mixalgebras of [$197, 5t00]. This connection would allow
reasoning about programs written in a dataflow langunage like Lustre or Lucid
[Ha®3] in the sense of a theory of program correctness.
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