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ABSTRACT: The Cox proportional hazards model is the 

most frequently method used to assess the effects of risk 

factors for survival time data when there are a single 

cause for the event occurring with the assumption that 

times are untied. Discrete-time logit model has been 

broadly used to model time-to-event data in order to 

handle ties but in a situation where more than two events 

are competing for the failure of an individual; only the 

first of them is observed, there is need to manage the ties. 

In this study, competing risk data using parametric model 

for cause-specific hazard and mixture of baseline hazard 

distribution were simulated, the performance of Cox 

model for the competing events and the overall were 

investigated with respect to different sample sizes in 

terms estimates of mean value, mean absolute bias 

(MAB) and mean square error for prediction (MSEp). The 

results showed that estimated mean values of covariate 

effects  give estimates that converged to the true value of 

the parameter but Weibull-Exponential and Weibull-

Gompertz yield a precise estimates with minimum MSEp 

compare to Exponential - Gompertz. The Efron 

approximation method gives an estimated means values 

that are close to the true values than Breslow 

approximation method. Discrete-time model performs 

better than Continuous time models in terms of estimated 

mean values with minimum mean square error as sample 

size increases. 

KEYWORDS: Cox PH model, Discrete-time logit model, 

Baseline hazard, Competing risks, Simulation Study 

 

1. INTRODUCTION 

 

Survival analysis is the analysis of data measured 

from a specific time of origin until an event of 

interest or a definite endpoint (Collett, 1994). In the 

original setting of survival analysis, there is a single 

cause for the event to occur but there are situations 

where several causes of failure are possible; only the 

occurrence of the first of them can however be 

observed provided only one cause is of interest. This 

situation is known as competing risks. This is 

because the smallest realized time, the cause specific 

failure time, makes the failure times for other causes 

right censored. That is, the minimum of the failure 

times is only observed. Cox model is the most 

common semi-parametric model used to evaluate the 

effects of risk factors in a population for continuous 

survival time data under the basic assumption that 

survival times are untied (Anderson et al 1995). In 

practice there is always some smallest time unit that 

ties can occur. A discrete-time survival modeling for 

discrete-time data was the1n proposed by Cox 

(1972), Allison (1982) and Singer and Willet (1993) 

to handle ties. Cox (1972) introduced the discrete-

time hazard model in terms of logit-hazard rather 

than hazard in his article and have been in use for 

decades (Allison, 1982; Judith D. Singer & Willett, 

1993; J. B. Willett & Singer, 1993; John B Willett & 

Singer, 1995; John B. Willett & Singer, 1991)  but 

they are less visible than continuous time survival  

model,  especially  in the  medical  and behavioral 

sciences area (Altman et al.(1995); Enderlein, 1987; 

Barber  et al. (2000), Xie et al. (2003), and 

McCallon 2009). The analysis for this type of model 

needs a properly structured data set with multiple 

records per subject. Most studies handle ties when 

there is single cause for the event to occur. But there 

are situations where an individual can experience 

several causes of failure (competing Risk) and more 

than one individual experience their first event at the 

same time. Due to this, there is a need to manage the 

ties with discrete-time competing risk model using a 

person-period format in order to avoid biased 

estimates.  

 

2. METHODOLOGY 

 

2.1 Competing Risk Formulation with 

Continuous time model 

Consider a population with 𝑛 individuals (subjects). 

Suppose that for jth individual (subject), 𝐺 types of 

failure may occur. Let 𝑇𝑗
𝑔

, 𝐶𝑗
𝑔

 𝑎𝑛𝑑 𝑋𝑗
𝑔

 be the 

independent failure time, censoring time and p-

vector of possible covariates respectively for  jth 

individual experiencing 𝑔𝑡ℎ type of failure( ; 𝑗 =
1, … , 𝑛, 𝑔 = 1, … , 𝐺). Let 𝑇𝑗 = 𝑡𝑗and 𝐶𝑗be the time 

to failure and the censoring time for  𝑗𝑡ℎ individual 

respectively and 𝑥𝑗 be a vector of covariates. 

Assume that  𝑇𝑗 and 𝐶𝑗 are independent conditional 
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on the covariate vector, 𝑋𝑗. We define 𝑇𝑗 =

𝑚𝑖𝑛(𝑡𝑗, 𝑐𝑗) and 𝛿𝑗 = 𝐼(𝑡𝑗 ≤ 𝑐𝑗) where I(.) is an 

indicator function which indicates whether or not the 

main event of interest has occurred; it is equal to one 

if the condition is true and zero otherwise. 

  In survival modeling, an appropriate method must 

be chosen to handle the different event types when 

both events are of interest. In the competing risks 

approach, a separate model is specified for the 

timing of each type of event and each of these 

models can be estimated separately for single of 

events. The proportional hazards model with 

competing risk for 𝑗𝑡ℎindividual in can be written as 

𝜆(𝑡𝑗
𝑔

/𝑥𝑗) = 𝜆𝑜(𝑡𝑗)𝑒𝑥𝑝(𝛽𝑔′𝑥𝑗
𝑔

)   (1) 

where 𝜉(𝑡𝑗
𝑔

/𝑥𝑗) is the hazard at time t for 

𝑗𝑡ℎindividual having event type g with covariate 

value 𝑥𝑗
𝑔

 

𝜉𝑜(𝑡𝑗) is the baseline hazard at time t  

𝛽𝑔′𝑥𝑗
𝑔

 is the effect of the covariate on the hazard for 

event type g 

 

2.2 Discrete-Time Logit Model with Competing 

Risk 

Suppose that the timeline for individual is 

partitioned into l mutually exclusive intervals    

    [0, 𝑎1), [𝑎1, 𝑎2), [𝑎2,𝑎3), [𝑎3, 𝑎4), … , [𝑎𝑡−1, 𝑎𝑡),
[𝑎𝑡 , 𝑎∞)  

so that we observe discrete time 𝑇 ∈ 1, … , 𝑡 where T 

= t denotes failure within the interval[𝑎𝑖−1, 𝑎𝑖]. In 

discrete time, for each time interval t, a vector of 

binary response is defined as 

 𝑦𝑡𝑗

𝑔
= (𝑦𝑡𝑗

1 , 𝑦𝑡𝑗

2 , … , 𝑦𝑡𝑗

𝑘 )  

where 𝑡𝑗 is the observed time in the interval for 

which individual 𝑗 in the cluster 𝑖 is observed and a 

binary response 𝑦𝑡𝑗

𝑔
 is created for each event time 

interval 𝑡 up to 𝑐𝑗  

 

The failure process of individual 𝑖 with failure event 

type 𝑔 can then be considered as a sequence of 

binary response outcomes which follow a binomial 

distribution where 𝛿𝑗  is the censoring indicator 

which takes value 1 if individual j has failure event 

type 𝑔 at time t and value 0 if otherwise. Cox (1972) 

proposed an extension of the proportional hazards 

model to discrete time by working with the 

conditional odds of an event of failure occurring at 

each time 𝑡𝑗 given survival up to that point. 

Extending this to competing risk setting, the 

discrete-time for clustered survival time data for 

event type 𝑔 can be obtained as 

𝑙𝑜𝑔𝑖𝑡[𝜆(𝑡𝑗
𝑔

/𝑥𝑗)]=𝛼𝑗
𝑔

+ 𝛽𝑔′𝑥𝑗
𝑔

,  (2)  

 

3. SIMULATION STUDY 

 

Survival times were generated to simulate Cox 

models with known regression coefficients 

considering the Exponential and the Weibull 

distribution as baseline hazard. The general 

relationship between the hazard and the 

corresponding survival time of the usual Cox model 

was developed as in Bender et al (2005). 

The Cox proportional hazards model is given by 

𝑇 = 𝐻𝑜
−1 [− log(𝑈)𝑒𝑥𝑝(−𝛽𝑔′𝑥𝑗

𝑔
)]  

We assume that the baseline hazard 𝐻𝑜 can be 

Weibull, Exponential and Gompertz distribution. 

Simulation studies were carried out for two events 

type with mixture of the baseline hazard 

distributions. Dataset that follow various survival 

distribution with two covariates 𝑋1  from a Normal 

N[0; 1] and 𝑋2 from a Binomial B[n, 0:5] were 

generated. The corresponding true regression 

coefficients are fixed as 𝛽1 = 1, 𝛽2= -1. Sample sizes 

are 100, 200,500, 1000 and 2000 with a censoring 

rate of 35%. For each parameter combination, all 

simulated data was replicated 1000 times. The 

simulated datasets were expanded into a person-

period format in order to fit the discrete time logit 

survival model for the models specified for each 

event and minimum of the two events. All of the 

datasets were simulated and modeled in R statistical 

software. 

 

3.1 Results  

The summary of results is presented in the table 

below where the combination of parametric baseline 

hazard distributions are exponential-weibull, 

exponential-gompertz and weibull-gompertz.  
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Table 1: Estimates, Absolute Bias and Mean Squared Errors for Weibull-Exponential mixture of distributions as baseline 

hazards (𝛽1 = 1 and𝛽2 = −1). 

Model Effect Estimates �̂�(MAB) MSEp 

  Model/  Continuous Time Discrete-Time Continuous Time Discrete-

Time 
Sample Size Efron Breslow Efron Breslow 

Event 1 

Weibull 

  

  

  

  

100  𝛽1̂ 0.951(0.092) 0.908(0.108) 0.996(0.077) 0.013 0.017 0.009 

 𝛽2̂  -1.093(0.165)  -1.039(0.141)  -1.164(0.193) 0.043 0.032 0.056 

200  𝛽1̂ 0.998(0.055) 0.945(0.067) 1.185(0.185) 0.005 0.007 0.039 

 𝛽2̂  -0.807(0.200)  -0.762(0.239) -0.972(0.103) 0.052  0.069 0.017 

500  𝛽1̂ 1.094(0.095) 1.020(0.040) 1.161(0.161) 0.012 0.002 0.028 

   𝛽2̂  -0.884(0.121)  -0.823(0.177)  -0.916(0.097) 0.020  0.037 0.014 

1000  𝛽1̂ 0.948(0.053) 0.888(0.112) 1.074(0.074) 0.004 0.013 0.007 

  𝛽2̂  -1.021(0.048)  -0.960(0.052) -1.147(0.147) 0.003  0.004 0.025 

2000  𝛽1̂ 0.915(0.085) 0.858(0.142) 1.015(0.022) 0.008 0.020 0.001 

 𝛽2̂ -0.954(0.050)  -0.890(0.105)  -1.040(0.045) 0.003  0.012 0.003 

Event 2 

Exponenti 

  

  

  

  

100  𝛽1̂ 0.960(0.090) 0.918(0.103) 0.989(0.080) 0.013 0.016 0.010 

𝛽2̂ -1.106(0.176) -1.052(0.149) -1.155(0.194) 0.049 0.036 0.055 

 

200 
 𝛽1̂ 1.002(0.055) 0.949(0.065) 1.157(0.157) 0.005 0.006 0.029 

 𝛽2̂  -0.820(0.189))   -0.776(0.227)  -0.957(0.105) 0.047 0.063 0.017 

500  𝛽1̂  1.093(0.095) 1.021(0.038) 1.132(0.132) 0.011 0.002 0.020 

 𝛽2̂  -0.867(0.135)   -0.807(0.193)  -0.877(0.127) 0.024  0.043 0.021 

1000  𝛽1̂ 0.943(0.058) 0.884(0.116) 1.033(0.038) 0.004 0.014 0.002 

 𝛽2̂ -1.022(0.047)   -0.961(0.051)  -1.114(0.115) 0.003 0.004 0.016 

2000  𝛽1̂ 0.915(0.085) 0.858(0.142) 0.989(0.020) 0.008 0.021 0.001 

 𝛽2̂   -0.959(0.046)   -0.900(0.100)   -1.024(0.037) 0.003  0.011 0.002 

Overall 

Event 

  

  

  

100  𝛽1̂ 0.977(0.049) 0.918(0.083) 1.030(0.050) 0.004 0.009 0.004 

 𝛽2̂   -1.124(0.136)   -1.049(0.082)   -1.204(0.205) 0.025  0.011 0.051 

200  𝛽1̂ 1.021(0.035) 0.945(0.056) 1.226(0.226) 0.002 0.004 0.053 

 𝛽2̂   -0.833(0.168)   -0.770(0.230)  -1.011(0.056) 0.032  0.056 0.005 

500  𝛽1̂ 1.126(0.126) 1.020(0.025) 1.199(0.199) 0.017 0.001 0.040 

 𝛽2̂  -0.897(0.103)   -0.810(0.190)  -0.933(0.070) 0.013  0.038 0.006 

1000  𝛽1̂ 0.971(0.030) 0.885(0.114) 1.100(0.100) 0.001 0.013 0.010 

 𝛽2̂  -1.048(0.049)   -0.960(0.040)   -1.181(0.181) 0.003  0.002 0.033 

2000  𝛽1̂ 0.940(0.060) 0.857(0.142) 1.045(0.045) 0.004 0.020 0.002 

 𝛽2̂   -0.983(0.021)   -0.899(0.101)   -1.077(0.077) 0.001  0.010 0.006 

 

INTERPRETATION: 

The results in Table 1 above show that estimated 

mean values are close to the true values. Increase in 

sample size decreases the estimates and mean 

absolute bias (MAB) both for Continuous time 

model and Discrete-time logit model (DTLM). The 

results also showed that increase in sample size 

decreases the MSEp.  

When considering the Overall Event, the estimated 

mean values are closer to the true values but DTLM 

provides more precise estimates (with minimum 

MSEp) than Continuous time Models.  

The Efron approximation method gives an estimated 

means values that are close to the true values than 

Breslow approximation method. Also, comparing 

the two models, Discrete-time model performs better 
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than Continuous time models in terms of estimated 

mean values.  

 

 
Table 2: Estimates, Mean Absolute Bias and Mean Squared Errors for Weibull-Gompertz mixture of distributions 

as baseline hazards (𝜷𝟏 = 𝟏 and𝜷𝟐 = −𝟏) 

Model Effect Estimates �̂�(MAB) MSEp 

  Model/  

Sample Size 

Continuous Time Discrete-Time Continuous Time Discrete-

Time 

Efron Breslow Efron Breslow 

Event 1 

Weibull 

   

  

  

100  𝛽1̂ 0.948(0.092) 0.907(0.109) 0.992(0.077) 0.013 0.017 0.009 

  𝛽2̂ -1.097(0.166)   -1.046(0.143) -1.158 (0.189) 0.044 0.033 0.054 

200  𝛽1̂ 1.003(0.055) 0.949(0.065) 1.183(0.183) 0.005 0.006 0.038 

  𝛽2̂  -0.810(0.197)   -0.765(0.237) -0.970(0.103) 0.051  0.068 0.017 

500  𝛽1̂ 1.094(0.096) 1.020(0.040) 1.157(0.157) 0.012 0.002 0.027 

  𝛽2̂ -0.882(0.124)   -0.820(0.181) -0.910(0.101) 0.021 0.038 0.015 

1000  𝛽1̂ 0.950(0.052) 0.890(0.110) 1.072(0.072) 0.004 0.013 0.006 

  𝛽2̂ - 1.022(0.048)   -0.961(0.052) -1.144(0.144) 0.004 0.004 0.024 

2000  𝛽1̂ 0.915(0.085) 0.857(0.143) 1.012(0.020) 0.008 0.021 0.001 

  𝛽2̂ - 0.955(0.050)   -0.896(0.105) -1.037(0.043) 0.003  0.012 0.003 

Event 2 

Gompertz 

  

  

  

  

100  𝛽1̂ 0.957(0.091) 0.917(0.103) 0.985(0.080) 0.013 0.016 0.010 

  𝛽2̂  -1.111(0.178)   -1.060(0.151) -1.149(0.190) 0.050 0.037 0.053 

200  𝛽1̂ 1.007(0.055) 0.952(0.063) 1.155(0.156) 0.005 0.006 0.029 

  𝛽2̂ -0.823(0.186)   -0.779(0.224) -0.955(0.106) 0.046 0.061 0.018 

500  𝛽1̂ 1.093(0.095) 1.021(0.038) 1.124(0.124) 0.011 0.002 0.018 

  𝛽2̂  -0.861(0.141)   -0.800(0.200) -0.866(0.137) 0.026  0.046 0.024 

1000  𝛽1̂ 0.944(0.057) 0.885(0.115) 1.031(0.037) 0.004 0.014 0.002 

  𝛽2̂  -1.023(0.047)   -0.962(0.051) -1.111(0.112) 0.003 0.004 0.015 

2000  𝛽1̂ 0.914(0.086) 0.867(0.143) 0.982(0.023) 0.008 0.021 0.002 

  𝛽2̂ -0.963(0.044)   -0.904(0.096) -1.023(0.036) 0.003  0.010 0.002 

Overall 

Event 

  

  

  

  

100  𝛽1̂ 0.974(0.049) 0.917(0.085) 1.027(0.049) 0.004 0.009 0.004 

  𝛽2̂  -1.127(0.138)   -1.056(0.086) -1.198(0.200) 0.026  0.012 0.048 

200  𝛽1̂ 1.026(0.037) 0.949(0.053) 1.225(0.225) 0.002 0.004 0.052 

  𝛽2̂ -0.836(0.164)   -0.773(0.227) -1.009(0.056) 0.031 0.055 0.005 

500  𝛽1̂ 1.126(0.126) 1.020(0.025) 1.191(0.191) 0.017 0.001 0.037 

  𝛽2̂  -0.892(0.108)   -0.803(0.197) -0.922(0.079) 0.014 0.040 0.008 

1000  𝛽1̂ 0.972(0.029) 0.886(0.114) 1.099(0.098) 0.001 0.013 0.010 

  𝛽2̂ -1.049(0.050)   -0.961(0.040) -1.178(0.178) 0.003 0.002 0.032 

2000  𝛽1̂ 0.940(0.060) 0.857(0.143) 1.039(0.039) 0.004 0.021 0.002 

  𝛽2̂ -0.986(0.020)   -0.902(0.098) -1.075(0.075) 0.001 0.010 0.006 

 

INTERPRETATION: 

The estimate mean values from Table 2 above are 

close to true parameter values and also decrease as 

sample size increases. The performance of Breslow 

is lower compare to Efron method.  

The MSEp for both the Continuous time model and 

DTLM decreases as the sample size increases but 

the MSEp for DTLM were slightly higher in some 

cases compared to the Continuous time model due to 

overestimation but reduced as sample size increases. 
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For the Overall Event, estimates under DTLM were 

more precise compared to Continuous time model, 

there is no loss of efficiency in terms of MSEp. 

Considering the two models in term of estimated 

mean values, Discrete-time model performs better 

than Cox model. 

 

 
Table 3 Estimates, Mean Absolute Bias and Mean Squared Errors for Exponential-Gompertz mixture of 

distributions as baseline hazards (𝜷𝟏 = 𝟏 and𝜷𝟐 = −𝟏) 

 

Model Effect Estimates �̂�(MAB) MSEp 

  Model/  

Sample Size 

           Continuous Time Discrete-Time Continous Time Discrete-

Time 

Efron Beslow 

Efron Breslow 

Event 1 

Exponential 

  

  

100  𝛽1̂ 0.965(0.086) 0.924(0.098) 0.992(0.076) 0.011 0.014 0.009 

  𝛽2̂ -1.104(0.170)   -1.052(0.145) -1.137(0.176) 0.046 0.033 0.048 

200  𝛽1̂ 1.003(0.055) 0.948(0.065) 1.154(0.155) 0.005 0.006 0.029 

  𝛽2̂ -0.821(0.187)    -0.776(0.226) -0.956(0.106) 0.047 0.063 0.018 

500  𝛽1̂ 1.096(0.097) 1.023(0.040) 1.131(0.131) 0.012 0.003 0.019 

  𝛽2̂ -0.860(0.143)    -0.799(0.202) -0.868(0.136) 0.026 0.046 0.024 

1000  𝛽1̂ 0.945(0.057) 0.885(0.115) 1.031(0.037) 0.004 0.014 0.002 

  𝛽2̂ -1.019(0.047)    -0.958(0.054) -1.107(0.108) 0.003 0.004 0.014 

2000  𝛽1̂ 0.915(0.085) 0.858(0.142) 0.984(0.022) 0.008 0.021 0.001 

  𝛽2̂ -0.960(0.046)    -0.901(0.099) -1.020(0.034) 0.003  0.011 0.002 

Event 2 

Gompertz 

  

100  𝛽1̂ 0.957(0.091) 0.917(0.103) 0.985(0.080) 0.013 0.016 0.010 

  𝛽2̂ -1.111(0.178)    -1.060(0.151) -1.149(0.190) 0.050  0.037 0.053 

200  𝛽1̂ 1.007(0.055) 0.952(0.063) 1.155(0.156) 0.005 0.006 0.029 

  𝛽2̂ -0.823(0.186)    -0.779(0.224) -0.955(0.106) 0.046 0.061 0.018 

500  𝛽1̂ 1.093(0.095) 1.021(0.038) 1.124(0.124) 0.011 0.002 0.018 

  𝛽2̂ -0.861(0.141)    -0.800(0.200) -0.866(0.137) 0.026 0.046 0.024 

1000  𝛽1̂ 0.944(0.057) 0.885(0.115) 1.031(0.037) 0.004 0.014 0.002 

  𝛽2̂ -1.023(0.047)    -0.962(0.052) -1.111(0.112) 0.003  0.004 0.015 

2000  𝛽1̂ 0.914(0.086) 0.857(0.143) 0.982(0.023) 0.008 0.021 0.001 

  𝛽2̂ -0.963(0.044)    -0.904(0.096) -1.023(0.036) 0.003  0.010 0.002 

Overall 

Event 

  

100  𝛽1̂ 0.979(0.047) 0.922(0.080) 1.026(0.049) 0.004 0.008 0.004 

  𝛽2̂ -1.129(0.140)    -1.058(0.087) -1.192(0.194) 0.027  0.012 0.046 

200  𝛽1̂ 1.026(0.037) 0.949(0.053) 1.217(0.217) 0.002 0.004 0.049 

  𝛽2̂ -0.839(0.162)    -0.776(0.224) -1.005(0.055) 0.030   0.054 0.005 

500  𝛽1̂ 1.126(0.126) 1.020(0.026) 1.184(0.184) 0.017 0.001 0.035 

  𝛽2̂ -0.886(0.114)    -0.798(0.202) -0.911(0.090) 0.015 0.042 0.010 

1000  𝛽1̂ 0.971(0.030) 0.885(0.115) 1.089(0.088) 0.001 0.013 0.008 

  𝛽2̂ -1.047(0.049)    -0.960(0.041) -1.167(0.167) 0.003  0.002 0.029 

2000  𝛽1̂ 0.940(0.060) 0.857(0.143) 1.032(0.032) 0.004 0.021 0.001 

  𝛽2̂ -0.987(0.019)     -0.903(0.097) -1.070(0.070) 0.001 0.010 0.005 
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INTERPRETATION: 

The results in Table 3 above indicate that estimated 

mean values are consistently close to the true values. 

Also, mean absolute bias (MAB) and the MSEp 

decrease as a result of increase in sample size. The 

Breslow estimates decrease with increase in sample 

size compared to Efron. DTLM overestimated the 

means though with minimum MSEp compared to 

Continuous time model. 

 In view of the Overall Event, the estimated mean 

values are close to the true values but DTLM gives 

an over-estimated values. Comparing the estimates 

of the two models, Discrete-time model performs 

better than Continuous Time model in term of 

estimates with minimum MSEp. 

 

4. DISCUSSION AND CONCLUSION 

 

The results reveal that estimated mean values are 

close to the true parameter values. The mean of the 

estimated values of small sample sizes compared 

with those of large sample sizes indicate 

overestimation when the sample size is small which 

means the smaller the sample size, the greater 

impact of covariates. The MSEp decreased as a 

result of increase in sample size. In terms of 

precision, it can be remarked in the estimates that 

Discrete-time logit model display less MSEp than 

the Cox model. The Overall Event (mixture of the 

baseline distributions) provides precise estimates 

that are more convergent to the true value of the 

parameters than when each event follows individual 

baseline distribution. 

Comparing the estimates of the two models, 

estimated mean values of covariate effects with the 

Continuous time model were obviously lower than 

the discrete-time logit model likewise in terms of 

mixture of baseline distributions, discrete time 

model gives precise estimates. 
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